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0. Introduction 

Let Y be a smooth projective curve of genus g > 2 and let M r ^d{Y) be the moduli 
space of stable vector bundles of rank r and degree d on Y. In case d and r are 
relarively prime, M r ^(Y) is a smooth projective variety of dimension r 2 (g — 1) + 1. 
A classical conjecture of Newstead and Ramanan states that 

(0.1) Ci (M 2 ,i(Y)) =0 for i > 2{g - 1); 

i.e. the top 2g — 1 Chern classes vanish. The purpose of this paper is to generalize 
this vanishing result to higher rank cases by generalizing Gieseker's degeneration 
method. 

In the rank 2 case, there are two proofs of (|0.1I) due to Gieseker ^ and Zagier 
|16j . Zagier's proof is combinatorial based on the precise knowledge of the cohomol- 
ogy ring of the moduli space: by the Grothendieck-Riemann-Roch theorem, Zagier 
found an expression for the total Chern class c(M2,i(Y)) and then used Thaddeus's 
formula on intersection pairing to show the desired vanishing. Because the compu- 
tation is extremely complicated even in the rank 2 case, it seems almost impossible 
to generalize this approach to higher rank cases. 

A more geometric proof of the vanishing was provided by Gieseker via 

induction on the genus g. Let W — > C be a flat family of projective curves over a 
pointed smooth curve € C such that 

(1) W is nonsingular, 

(2) the fibers W a over s ^ are smooth projective curves of genus g, 

(3) the central fiber Wq is an irreducible stable curve Xq with one node as its 
only singular point. 

Gieseker constructed a flat family of projective varieties M2,i(2U) — > C such that 

(1) the total space M 2 4(2B) is nonsingular, 

(2) the fibers M2.i(3B s ) over s ^ are the moduli spaces M2 : \{W S ) of stable 
bundles over W s , 

(3) the central fiber M2.i(2Uo) over has only normal crossing singularities. 
Recently, this construction was generalized to higher rank case by Nagaraj and 
Seshadri in ^I] by geometric invariant theory, and the central fiber M r! d(2Uo) of 
their construction parameterizes certain vector bundles on semistable models of 
X . In this paper, we will provide a different construction, using the technique 
developed in [Sj- 
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To prove the vanishing of Chcrn classes by induction on genus g, Gieseker relates 
the central fiber M2,i(2Uo) with the moduli space M2,i{X) where X is the normal- 
ization of the nodal curve W = X . Let M° be the normalization of M 2) i(2Uo), 
which is a smooth projective variety. Its general points represent vector bundles on 
Xq whose pull-back to X are stable bundles, and hence induces a rational map 

(0.2) M° -~ > M 2 ,i{X). 

Gieseker then proves that the indeterminacy locus of this rational map is precisely 
a projective bundle FE + of a vector bundle E + over the product B = Jcicq(X) x 
Jaci(X) of Jacobians, and the normal bundle to PE + is the pull-back of a vector 
bundle E~ — > B tensored with O rE +(— 1). This is a typical situation for flips: 
we blow up M° along FE + and then blow down along the FE + direction in the 
exceptional divisor FE + x B FE~ . Let M 1 be the result of this flip. Then the 
rational map becomes a morphism M 1 — > M%,\{X), and is a fiber bundle with fiber 
GL(2) — the wonderful compactification of GL(2) — that is constructed as follows. 
We first compactify GL(2) by embed it in 

P(End(C 2 ) ©C) . 

Its complement consists of two divisors Z (divisor at infinity) and Y{ (zero locus 
of determinant). The wonderful compactification is by blowing it up along € 
End(C 2 ) and along Y{ n Z' Q . 




The wonderful compactification oiGL(r) for r > 2 is similarly defined by blowing 
up F (End(C r ) © C) along smooth subvarieties 2(r — 1) times and the complement 
of GL(r) in it consists of 2r smooth normal crossing divisors. This was carefully 
studied by Kausz in [7|. In summary, Gieseker obtains the following diagram: 

(0-3) M 




M 2 ,i{X) 
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Afterwards, the proof of the vanishing result . If) is reduced to a series of very 
concrete Chern class computations. 

To prove the vanishing of Chern classes for the higher rank case, we first con- 
struct a diagram similar to (|0.3fl . In ^ we (re-)construct a degeneration M r!( j(2U) 
of Nagaraj and Seshadri, by using the stack of degeneration defined in We take 
M° as the normalization of the central fiber of the family M. r ^(W). Next, we define 
M 1 as a fiber bundle over M r: d(X) whose fiber is GL{r) — the wonderful compact- 
ification of GL(r). Explicitly, working with a universal bundle U — > M r ^(X) x X, 
M 1 is the blow-up of 

¥ (B.om(U\ Pl ,U\ P2 ) ® O) 

along suitable smooth subvarieties exactly as in the construction of GL(r). The 
question is then how to relate M° with M 1 . Our strategy is to construct a family 
of complex manifolds M Q for < a < 1 and study their variations as a moves from 
1 to 0. We define a suitable stability condition for each a fDefinition ll.l|) and then 
show that the set of a-stable vector bundles on semistable models of Xq admits 
the structure of a proper separated smooth algebraic space. In particular, M a is a 
compact complex manifold. 

To prove the vanishing result of Chern classes, we need a very precise description 
of the variation of M a . We achieved this for the case of rank 3. Since M^^lY) = 
-^3,2 (Y) by the morphism [E] — > [E*] and tensoring a line bundle of degree 1, we 
only need to consider the case when r = 3 and d = 1. By the stability condition, 
the moduli spaces M Q vary only at 1/3 and 2/3. We prove that M 1 / 2 is obtained 
from M 1 as the consequence of two flips and similarly M° is the consequence of 
two flips from M 1 / 2 . The description is quite explicit and we have the following 
diagram. 

M" <— > M 1 ' 2 <■■■„;■ > M 1 

J Lips flips 



M 3tl {Y) — ~>M 3> i(*o 

degeneration 




GL(3) 



M 3 ,l(X) 

Now it is a matter of explicit but very involved Chern class computations to verify 
the vanishing result by induction on genus g. The vanishing result we prove in the 
end is the following. 

Theorem 0.1. a(M a>1 (Y)) = for i > 6g - 5. 

In other words, the top 3g — 3 Chern classes vanish. It seems that C6 5 -5 should 
also vanish, but we haven't proved that. Notice that wc also have Ci(M3^(Y)) = 
for i > 6g — 5. 

The paper is organized as follows. In section one, we will introduce and con- 
struct the moduli space of a-stable bundles on nodal curves; A special case of this 
construction is the Gieseker's degeneration for high rank cases. The next section is 
devoted to the study of the a-stable bundles and the generalized parabolic bundles 
on curves. The initial investigation of the variation of the moduli spaces is carried 
out in section three and the detailed study of the flips is achieved in section four. 
The last section is about the Chern class calculation. 
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1. Q!-STABLE SHEAVES AND GlESEKER'S DEGERATION 

In this section, we will introduce the notion of a-stable sheaves and prove their 
basic properties. We will then give an alternative construction of Gieseker's moduli 
of stable sheaves on nodal curves in high rank case. In the end, we will show that 
the normalization of such moduli spaces can be realized as the moduli spaces of 
a-stable bundles over marked nodal curves. 

1.1. a-stable vector bundles. Let g > 2 be an integer and let Xq be a reduced 
and irreducible curve of arithmetic genus g with exactly one node, q G Xq. For 
n > 0, we denote by X n the semistable model of X that contains a chain of 
n-rational curves (i.e. P 1 ). In this paper, we will fix such an Xq once and for 
all. Let X be the normalization of Xq, with p\ and p 2 G X the two liftings of 
the node of Xq under the normalization morphism. For X n , we denote by D the 
union of its rational curves and denote by D\, ■ ■ ■ , D n its n rational components. 
We order D { so that £>i n X = pi, D; t n A+i i 1 and D n C\ X = p 2 . We let 
X Q = Xq — {q} = X — {pi,p 2 }, which is an open subset of X n . We define the based 
automorphisms of X n to be 

Buto(X„) = {a:X n ^X n \ a\ x o =id x o} = (C x )". 

(Namely, they are automorphisms of X n whose restrictions to X° C X n are the 
identity maps.) 

Later, we need to study pairs (X n ,q^), where q^ G X n arc nodes of X n . In 
this paper, we will call (X n , q^) based nodal curves, and denote them by X\ with 
q^ G X n implicitly understood. For m > n, we say ir : X m — > X n is a contraction 
if n\ x « is the identity and n\o k is either an embedding or a constant map. A 
contraction of X^ — * X^ is a contraction of the underlying spaces X m — > X n that 
send the based node of X^ to the based node of X^. 

We now fix a pair of positive integers r > 2 and \. Let X\ = (X„,g' i ') be a 
based nodal curve and let E be a rank r locally free sheaf of Ox n -modules with 
x(E) = x- We say E is admissible if the restriction E\u i has no negative degree 
factor 1 for each i. (Here and later, for a closed subscheme A C X n we use E\a 
to mean E ®o Xn ®A-) Next, we pick an n-tuple d = (di) G Z+" and let e be a 
sufficiently small positive rational. The pair (d, e) defines a Q-polarization d(e) on 
X n whose degree along the component X° (resp. Di) is 1 — e|d| (resp. die). (Here 
d| = J2di-) Now let F be any subsheaf of E. We define the rank of F C E at 
q^ G Xl to be 

rt(F) = dimIm{ J F| 9t ^ E\ q1 }. 

For real a we define the a-d-slope (implicitly depending on the choice of e) of F C E 
to be 

(1.1) p d (F, a) = ( X (F) - arHF))/rk d F G Q. 

Here the denominator is defined to be 

n 

rk d F = (1 - e|d|)rankF| x o + ^ ed t mnkF\ Di . 

i=l 



^By Grothendicck's theorem, every vector bundle on P 1 is a direct sum of line bundles. Each 
such line bundle is called a factor of this vector bundle. 
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We define the automorphism group 2luto (E) to be the group of pairs (a, f) so that 
a G 2tuto(X„) and / is an isomorphism E = a*E. 

Definition 1.1. Let E be a rank r locally free sheaf over Xl- Let a G [0,1) be 
any real number. We say E is a-d-semistable (resp. weakly a-d-stable) if for any 
proper subsheaf F C E we have 

/J,d(F,a) < Hd{E, a) (resp. < ) 

for e sufficiently small. We say E is a-d-stable if E is weakly a-d-stable and 
degi^l^ > for all i. 

In case E is a vector bundle on X n (without the marked node), we say E is 
d- (semi) stable if the same condition hold with a = 0. 

We remark that when a — the a-d-stability defined here coincides with the 
Simpson stability (compare also the stability used in 

We now collect a few facts about a-d-stable sheaves on X\. To avoid complica- 
tions arising from strictly semistable sheaves, we will restrict ourselves to the case 
(r, x) = 1 and a G [0, 1) - A r : 

(12) A r = {a€[0,l)| a = 7 ^ T (^-^), Xo ,r ,rteZ, 

[ ' ' < r < r, < rT < r, 2r - r < < 2r } 

Clearly, A r is a discrete subset of [0, 1). When (x,r) — 1, A r . 

Lemma 1.2. Let (r,x) — 1 o- n d X > r oe as before. Let a S [0, 1) — A r be any real 
and let d £ Z + " be any weight. Then for any rank r a-d-semistable sheaf E on X^ 
of Euler characteristic x(E) = X> we have 

(a) The restriction E\r) i has no negative degree factors and there is no nontrivial 
section of E which vanishes on X; 

(b) For any (partial) contraction it : X^ — > X^ the pull back n*E is weakly a-d'- 
stable for any weight d 1 G Z +m ; 

(c) Suppose E is a-d-stable. Then n < r and tyaiig(E) = C x . 

The similar statement hold for d- (semi) stable sheaves E on X n . 

Proof. We first prove (a). Suppose E\r) i has a negative degree factor, say (— 
Let F be the kernel of E -> E\ Di ->■ Di (-t). Then rk d F < rk d E, r+(F) < r and 

X (F) = X (E) - X (0 Di (-t)) - x(E) + 1 - 1 > X (E). 

Hence, 

x(F)-ar^(F) X (E) - ar 

Vd(F,a) = — > = fi d (E,a). 

rkd-r r 

This is a contradiction. Similarly, suppose there is a section s G H°(E) so that its 
restriction to X° C X n is trivial. Let L be the subsheaf of E generated by this 
section. Then since rk d L — ce, c > and x{L) > 1, [id(L,&) > (1 — a)/ce > 
/id(E,a). This is a contradiction, which proves (a). 

We now prove (b). Let F be any subsheaf of E. Since E is a-d-semistable, 

(1.3) Hd(F,a) < Hd(E,a). 

Let r (F) — rankF|xo. If r (F) — 0, then fi d (F,a) — ce -1 , for some c G Q. 
Obviously c > is impossible by l|1.3fl and x > r - I n ca se c = 0, then x{F) — 
ar^(F) = and thus Hd'{F, a) = for all d'. Since x(E) > r, the strict inequality 
in holds for all d'. When c < 0, then Hd'{F 7 a) — e'e -1 for some c' < as 

well. Hence the strict inequality in l|1.3|) holds for d' too. 
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We next consider the case r > rankF|x<> > 0. Then fid(F, a) — fid(E,a) is a 
continuous function of e whose value at e = is 

x(F)-ar^(F) x 

r (F) r • 

Because a £ [0, 1) — A,., this is never zero. Hence for sufficiently small e, 
(F,a) < fj, d (E, a) (i d > (F, a) < fi A > (E,a). 

It remains to consider the case where Tq(F) = r. Obviously, we may consider 
only proper subsheaves F such that -Fix = E\ x o and thus E/F is a nonzero sheaf 
of Op-modules. Because E/F is a quotient sheaf of E\z> which is non-negative 
along each D l C D, x{E/F) >r- r^{F). Since each vector v £ E\ q i which lies in 
a subspace complementary to Im{F| g t — * E\ q t} extends to a section of E, Hence 
x{F>) — x(F) > ar — ar' (F) and thus fid' (F, a) < fid' (E, a) for any d'. This proves 
that E is weakly d'-stable for all d'. 

Now we prove that the pull-back of E to any X m is weakly a-d'-stable. We 
first consider the case m = n + 1. For simplicity we assume 7r is the contraction 
of the last rational component of X n+ i. We pick d' so that 6! i = di for i < n and 
d' n+1 = 1. Let F be a subsheaf of ir*E. Since F\d„ +1 has no positive degree factor, 
ir*F is torsion free and is a subsheaf of E. Further, since i? 1 7r»(F) is a skyscraper 
sheaf, by Leray spectral sequence we have 

X (F) - x(tt*F) - xiR 1 *.?) < x{**F). 

We now investigate the case tq{F) > 0. (The other case can be treated as in the 
proof of (b), and will be omitted.) Because E is weakly a-d-stable and a $ A r , we 
must have 

xfr.F)-art(Tr.F) x{E) 
7 — En < a - 

Combined with the above inequality and r'(F) > ^(tt^F), we conclude 

fi d '{F,a) < fj,d'(n*E,a). 

This proves that ir*E is weakly a-d'-stable. The general case m > n+ 1 follows by 
induction. This completes the proof of (b). 

Now assume E is a-d-stable. Consider the vector space 

V = {s e H°(E\ D ) I «(pa) = 0}. 

We know that its dimension is no less than n by Riemann-Roch since degree(£ , |£ ) ) > 
n. By part (b), the evaluation map 

V — > E\ Pl ; via s ^ s(pi) e E\ Pl 

is injective. Because dimF| pi = r, we have n <r. This proves (c). 

The proof of the second part of (d) is based on the notion of GPB, and will be 
proved in section 2 (Corollary 12. 7|) . □ 

In the light of this lemma, the a-d-stability is independent of the choice of d as 
long as a A r . In the remainder of this paper, we will restrict ourselves to the 
case where the following is satisfied. 

Basic Assumption 1.3. We assume (r, x) — 1, X > r an d a £ [0, 1) — A r 

Henceforth, we can and will call a-d-stable simply a-stable with some choice of 
d understood. 
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1.2. Gieseker's degeneration of moduli spaces. In this subsection, we will 
give an alternative construction of Gieseker's degeneration of moduli of bundles in 
high rank case. The first such construction was obtained by Nagaraj and Seshadri 

nn. 

Let (r, x) = 1 be as before and fix d = (1, • ■ • , 1) S Z n for any n. Let 

V r>x (X) = {E | E is d-stable on X n for some n, ranki? = n and x(-E) = x}/ ~ 

Here two E and E' over X n and X m are isomorphic if there is a based isomorphism 
cr:X n — » X m so that a* E' = E. 

Lemma 1.4. The set V TyX (3L) is bounded. 

Proof. It follows immediately from the bound n < r in Lemma ll.2l □ 

Let £ C be a pointed smooth curve and let n : W — > C be a projective family 
of curves all of whose fibers W s except Wq are smooth and the central fiber Wo is 
the nodal curve X chosen before. Let C° = C - and W° = W - W . For s £ C° 
we let DJl rvX (W s ) be the moduli space of rank r and Euler characteristic \ (namely 
x{E) — x) semistable vector bundles on W s . We then let 9Jt riX (VF°/C°) be the 
associated relative moduli space, namely for s £ C° we have 

m r ^(w°/c°) x C o s = wi r , x (w s ). 

The goal of this section is to construct the degeneration of the family 9Jl ryX (W° /C°) 
by filling the central fiber of the family. 

Our construction is aided by the construction of an Artin stack 2U parameterizing 
all semi-stable models of W/C. Without loss of generality, we can assume C C A 1 
is a Zariski open subset with £ C is the origin of A 1 . Let W[0] = W and let W[l] 
be a small resolution of 

W[0] x A i A 2 , where A 2 — > A 1 is via (h,t 2 ) i-> ht 2 - 

The small resolution is chosen so that the fiber of W[l] over £ A? is X\, and the 
fibers of W[l] over the first (second) coordinate line A 1 C A 2 is a smoothing of the 
first (resp. second) node of X\. Next W[2] is constructed as a small resolution of 

W[l] x A 2 A 3 , where A 3 —> A 2 is via (ti,t 2 ,t 3 ) h-> (h,t 2 t 3 ). 

The small resolution is chosen so that the fiber of W[2] over € A 3 is X 2 and 
the fibers of W[2] over the z-th coordinate line A 1 C A 3 is a smoothing of the i-th 
node of X 2 . The degeneration W[n) is defined inductively. For the details of this 
construction please see §1]. 

Let C[n] be C x A i A n+1 . Then W[n] is a projective family of curves over C[n] 
whose fibers are isomorphic to one of Xq,--- ,X n . As shown in jHJ, there is a 
canonical G[n] = (C x )" action on W[n] defined as follows. Let a = (oi, • • • , cr n ) 
be a general element in G[n]. Then the G[n] action on A n+1 is 

The G[n] action on W[n] is the unique lifting of the trivial action on W[0] and 
the above action on A™ +1 . Consequently, we can view VF[n]/G[n] as an Artin 
stack. It is easy to see that W[n]/G[n] is an open substack W[n + 1]/G[n+ 1] via 
the embedding VF[n]/A" C W[n + 1]/A' i+1 with A™ C A" +1 the embedding via 
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We define the groupoid 2U to be the category of pairs (Ws/S, 7r), where S are 
C-schemes, Ws are families of projective curves over S and n : Ws — > W are C- 
projections, such that there are open coverings U a of S and p a :U a — > C[n a ] so 
that 

W s x 5 U a = W[n a ] x c[na] U a , 
compatible with the projection Ws — ► W. Two families Ws and W s are isomorphic 
if there is an S'-isomorphism / : Ws — > W s compatible to the tautological projections 
Ws — > W and W s — > W. By our construction, 22J is indeed a stack. 

We next define the family of stable sheaves over 2U. Let S/C be any scheme 
over C . An S-family of locally free sheaves over W/C consists of a member Ws 
in 22J over S and a flat family of locally free sheaves 25 over Ws/S. We say E is 
admissible (resp. (semi)stable) if for each closed s € S the restriction of E to the 
fiber W s = Ws xg s is admissible (resp. (semi)stable). Let Ws and W' s be two 
families in 20(S) and let 15 and E' be two families of sheaves over Ws and W s . We 
say E ~ 15' if there is an isomorphism / : Ws — > W s in W(S) and a line bundle L 
on 5" so that f*E' = 25 <g> pr 5 L. 

We now define the groupoid of our moduli problem. For any C-scheme S, let 
■&r,x(S) be the set of equivalence classes of all pairs (25, Ws), where Ws are members 
in W(S) and E are flat S-families of rank r Euler characteristic x stable vector 
bundles on Ws- 

We continue to assume the basic assumption ^3] 

Proposition 1.5. The functor 3v x (2H) is represented by an Artin stack 9Jt r . x (2U). 
Proof. The proof is straightforward and will be omitted. □ 

Since all stable sheaves have automorphism groups isomorphic to C x , the coarse 
moduli space M r , x (2U) of Tl ryX (W) exists as an algebraic space. 

Theorem 1.6. The coarse moduli space M riX (2U) is separated and proper over 
C. Further, it is smooth and its central fiber (over G C) has normal crossing 
singularities. 

We divide the proof into several lemmas. 

We let $ r ,x(W[r}) be the functor that associates to each C[r] -scheme S/C[r] the 
set of equivalence classes 2 of stable sheaves E over W[r] Xc\r] & 01 rank r and Euler 
characteristic \- Since (r, x) = 1, the stability is independent of the choice of the 
polarizations d(e). By jT^J , 3r,x(^M) i s represented by an Artin stack 97t T . iX (W[r]) 
and its coarse moduli space M nx (W[r]) is quasi-projective over C[r\. 

Lemma 1.7. The moduli stack SDtr lX (W[r]) and the moduli space M riX (W[r]) are 
smooth over C[r\. 

Proof. This is a simple consequence of the deformation theory of sheaves on W[r]. 
Let [25] G 9JV x (W[r]) be a closed point, represented by the sheaf 25, as a sheaf of 
O^rj-modules. Let Z be the support of 25, which is a fiber of W[r] over £ G C[r\. 
We denote by l the inclusion Z — > W[r). It follows from the deformation theory 
of sheaves that the first order deformation of E is given by the extension group 
Ext^[ r ] (25, 25) which fits into the exact sequence 

— > H l {Z,£nd{i*E)) — > Ext^ [r] (25, 25) — > H°{Z,£nd(L* E)) ® T 5 C[r] — ► 0. 

2 The equivalence relation for sheaves over W[r] is the usual equivalence relation. Namely 
E - E' if E S E' ® pr* s L. 
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Since E is stable, H°(Z, £nd(b*E)) = C. Further, it is a direct check that the 
homomorphism of the tangent spaces 

(1.4) T [E] m rtX {W[r])^T t C[r] 

is the next to the last arrow in the above exact sequence. 

To show that 9Jt T . iX (W[r]) is smooth, we need to show that there is no obstruction 
to deforming E. Since the support Z is a closed fiber of W[r] — > C[r] and since E 
is a locally free sheaf of Oz-modules, the obstruction to deforming E lies in 

H 2 {Z,£nd{i*E)) ®T c G[r] = 0. 

This shows that 9Jt rjX (W / [r]) is smooth. Since l|1.4fl is surjective, 2Jt r . !X (W[r]) is 
smooth over C[r]. Finally, since the automorphism group of each [E] £ Tl rtX (W[r)) 
is isomorphic to C x , the coarse moduli space M riX (W[r]) is also smooth over C[r]. 
This proves the Lemma. □ 

Corollary 1.8. The coarse moduli space M r!X (2B) is smooth and is flat over C. 

Proof. Clearly the G[r]-action on W[r] naturally lifts to an action on 9Jl 7 - iX (T / F[r]) 
and M r)X (W[r]). By Lemma fl .21 the stabilizers of the G[r]-action at all points of 
M r>x (W[r]) are trivial. Hence the quotient M r!X (T4 A [r])/G[r'] is an algebraic space. 
Further, because M r)X (W[r]) is smooth, M r . x (VF[r])/G[r] is also smooth. 
Now let 

$ : M r , x (W[r])/G[r] — ► M r , x (2B) 
be the induced morphism. To prove that M riX (2U) is smooth it suffices to show 
that $ is surjective and is etale. Since M nx (W[r]) is the coarse moduli space of 
the stack 9Jl riX (T / F[r]), its quotient M r . iX (H / [r])/G[r] is the coarse moduli space of 
the stack 9Jl r>x (W / [r])/G[r]. Because the nature morphism 

m r ^ x (W[r])/G[r] — > 9Jt rjX (W) 

is etale, the morphism $ is also etale. Further, $ is surjective because of Lemma 
11.21 This proves that M rjX (2U) is smooth. Finally, since M r)X (W[r]) is smooth over 
C[r] and C[r) — > G is flat, M r , x (W[r]) -> G is flat. HenceM r , x (W[r])/G[r] -> C 
is flat and so does M riX (2U) — > G. □ 

Lemma 1.9. The algebraic space M r!X (2B) is separated and proper over C. 

Proof. We first check that M r X (2U) is proper over G, using the valuation criterion. 
Let £ £ S be a closed point in a smooth curve over G. We let S° = S — £ and let E° 
be a family of stable sheaves over W$° for a G-morphism S° — * C[n] for some n. 
We need to check that S -> M r , x (2U) extends to S -> M r , x (2U). Since M,, X (22J) 
is flat over G, it suffices to check those S° — > M r!X (23J) that are flat over G. In case 
£ lies over G°, then Ws° extends to Ws — W xc S with smooth special fiber W^. 
Hence there is an extension of E° to a family of stable sheaves over Ws- We now 
assume £ lies over £ C. Since S° is flat over G, S — > G does not factor through 
£ C. Without loss of generality we can assume S° — > G factor through G° C G. 
Then E° is a family of stable sheaves on W Xc S°. We consider Ws — W Xc S, 
which possibly has singularity along the node of Wf-. We let Ws be the canonical 
desingularization of Ws- The central fiber Wj (of Ws over £) is isomorphic to 
X m for some m. We next fix a polarization d(e) on Ws so that its degree along 
the irreducible components of W^ are 1 — me, e, • • • , e. Then by there is an 
extension of E° to an Og-flat sheaf of O-^ -modules E so that E\^ is semistable 
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with respect to a polarization d(e). Therefore E is locally free since Ws is smooth, 
E is Os-flat and E\^r has no torsion elements supported at points. By Lemma lL^l 
for any rational curve Di C W^ the restriction E\jj i is either trivial (= Of r ) or is 
admissible along Di. We let Ws be the contraction of Ws along those Di so that 
E\r> i is trivial. Let ir:Ws — » Ws be the contraction morphism and let E = ir*E. It 
is direct to check that E is locally free and its restriction to W$ is admissible and 
stable. 

It remains to show that the family Ws can be derived from a C-morphism S — > 
C[r]. Let t £ T(Oal) be the standard coordinate function. Since the exceptional 
divisor of Ws — > Ws has m irreducible components, p*i € m™ +1 — m™ +2 , where 
p : S — ► A 1 is the composite 5 — > C — > A 1 . Hence possibly after an etale base change, 
we can assume p*(t) — to- ■■t m for t; L 6 r(m^). Let S — * C[m] = C x A i A m+1 be 
induced by S — » C and (?o, • ' " ,tm) '■ S — * A m+1 . Then one checks directly that 
the fiber product W[m] Xc[m] S 1 is isomorphic to Wg. As to Wg, we consider the 
morphism S 1 — > C[m'\ defined as follows. Let Co, • • ■ , Cm be the nodes of and 
let Co j • ■ • j Cm' be the nodes of W^, ordered according to our convention. Then the 
restriction of the contraction 7T£ : W% — > W^ induces a surjective map 

(f> ■ {Co, ' ' ' ,Cm} ► {Co, ' ' ' ,Gn'}- 

We then define tk = Y1{U \ <?!>(Ci) = Cfe}- It is direct to check that iy[m'] Xc\m'] & 
is isomorphic to Ws. Finally, we have to' < r by Lemma Hence W[m] Xc[m] S 
can be realized as a product W[r] X-c[r] S for some S — > C[r\. This verifies the 
valuation criterion for properness. 

We next show that M r)X (20) is separated, using the valuation criterion. Let 
C G S be a closed point in a smooth curve over C, let Ws° be a family associated to 
a C-morphism S° — > C[r] and let E° be a family of stable sheaves on Ws° , as before. 
To verify the separatedness, we need to show that there is at most one extension of 
E° to families of stable sheaves over S. Suppose there are two extensions W' s and 
Wg of Ws° and two extensions E' on W' s and E" on W' s ' of E° . We need to show 
that there is a based isomorphism a : W' s — > and an isomorphism £" = a*E". 
Clearly, if C lies over a point in C°, this follows from that the moduli of stable 
sheaves on smooth curves are separated. We now assume £ lies over € C. Again, 
because M r!X (2U) is flat over C, we only need to check those so that 5° is flat over 
C. As before, we let Ws = W XqS and let Ws be the canonical desingularization of 
Ws- Because both W' s and Wg are fiber products W[n'] X-c[n'] & an d Wfri"] x c[n"] S 
for some C-morphisms S — ► C[n'] and S — > C[n"], the canonical desingularizations 
of both W's and Wg are isomorphic to Ws- Let 

tt' : W s -> and tt" : -> W^' 

be the projections. Then by Lemma ll.2l both ir'*E' and ir"*E" arc families of 
locally free stable vector bundles, extending E°. Hence they are isomorphic. Fur- 
ther, we observe that a rational curve D is contracted by tt' if and only if it'*E'\d 
is trivial. Because tt'*E' = tt"*E" , both tt' and 7r" contract the same set of rational 
curves in Ws- Hence W' s = Wg and under this isomorphism 

77' — „/ „'* 771' ^ II II* TT," — 77" 



This proves the separatedness. 



□ 
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We now complete the proof of the theorem. 

Proof. It remains to show that the central fiber of M riX (2U) / C has normal crossing 
singularities. We consider the following Cartesian square 

M r , x (W[r}) > M r>x (W[r})/G[r] 

C[r] > C = C[r]/G[r] 

We know that the upper and left arrows are smooth morphisms while fibers of 
C[r] — > C are smooth except the central fiber, which has normal crossing singular- 
ities. Thus the central fiber of the right arrow has normal crossing singularities. 
Finally, since M r x (iy[r])/G[r] — > M r X (2U) is etale and the arrow commutes with 
the two projections to C, the fibers of M rx (2U) over C are smooth except the 
central fiber which has normal crossing singularities. □ 

We conclude this subsection by remarking that the set of closed points of M r . x (2U) 
over G C is exactly the set V r , x (3L) defined in the beginning of this subsection. 
This set is exactly the set used by Gieseker and Nagaraj - Seshadri in their con- 
struction degeneration of moduli spaces 0J ^2 ■ 

1.3. Normalization of the central fiber. We close this section by constructing 
the normalization of the central fiber 

M r!X (2U ) = M- r , x (W) x c 0. 

Let [E] g DJl ra (Wo) be any closed point associated to a stable vector bundle 
E on X n . We consider the coarse moduli space M I . !X (W / [n]) of stable sheaves 
on W[n]/C[n]. As we argued before, the induced morphism M r . x (IF[n])/G[n] — > 
M r x (21J) is etale and its image contains [E]. For the same reason, 

M r>x (W[n\) x c[n] (C[n] x c 0)/G[n] — » M r , x (2U ) 

is etale. Now let H fc C A™ +1 be the coordinate hyperplane transversal to the fc-th 
coordinate axis (we agree that the coordinate axes of A™ +1 are indexed from to 
n) and let H fc C[n] be the induced immersion. Then 

n 
fc=0 

is the normalization morphism and the induced morphism 

n 

[](M r , x (W>]) x c[n] U k )/G[n] — M rtX (W[n}) x c[n] (C[n] x c 0) 

is the normalization morphism. It follows that the closed points of the normalization 
of M r . x (2Uo) consists of the equivalence classes of triples (E,X n ,q') for some n 
where E are stable vector bundles over X n and q* are nodes of X n . 

The normalization of M r x (2Uo) is indeed itself a moduli space. Let x 1 be the 
Artin stack (groupoid) of pointed semistable models of X . Namely, ^(S 1 ) consists 
of pairs (Ws, q^) where Ws are members in %B(S) with S understood as C-schemes 
via the trivial morphisms S — > with £ C, and q^ are sections of nodes of the 
fibers of Ws/S. An isomorphism between two families (Ws,q^) and {W' S: q'^) is 
an isomorphism a:Ws —* W' s in %B(S) that preserves the sections q* and q'^ . We 
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denote the pair (Ws,q^) by W s . We define the moduli groupoid (3E T ) to be 
the category of all pairs (E, Wl), where W s G X T (S) and E is a family of a-stable 
sheaves on Wg whose members (namely the restriction to closed fibers of Ws / S) 
lie in the set V" X (X T ) of isomorphism classes of a-stable rank r locally free sheaves 
E on Jft for some n with x(E) — X- Two families (E,Wg) and (E',Wg) are 

equivalent if there is an isomorphism a : w\ — > Wg in W(S) and a line bundle L on 
5 so that f*E' = E ® pr s L. Following the proof of Theorem 1 1.51 one easily shows 
that the functor ) ^ s represented by a smooth Artin stack. Further, because 

of Corollary 12.71 its coarse moduli space M" X (£ T ) is a smooth algebraic space. 
Again, similar to the proof of Lemma 11.91 the coarse moduli space is proper and 
separated. Finally, the previous argument shows that M° X (X T ) is a normalization 
of M r . x (2Uo). We summarize this in the following proposition. 

Proposition 1.10. The groupoid 3y X (X T ) forms a smooth Artin stack 97t" x (X T ) 
and its coarse moduli space M" X (X T ) is a proper smooth and separated algebraic 
space. Further, the canonical morphism M° X (X T ) — > M r , x (2Uo) induced by forget- 
ting the marked section of nodes is the normalization morphism. 

In case r = 2, the moduli space M2, X (X T ) is exactly the normalization con- 
structed in 

2. Of- STABLE BUNDLES AND GENERALIZED PARABOLIC BUNDLES 

In this section, we will first relate a-stable sheaves on X' to Generalized-Parabolic- 
Bundle (in short GPB) on X + = (X,px +P2). We will then show that the moduli 
of a-stable sheaves on XT is a blow-up of the moduli of a-stable GPB on X + . This 
will be used to study how M° (X ' T ) is related to M* X (X T ) in the next section. We 
will continue to assume (r, x) — 1, X > r an d a ^ A r throughout this section. 

2.1. GPB. We begin with the notion of GPB. Let X+ be the pair (X,pi +p 2 )- A 
rank r GPB on X + is a pair V G = (V, V°) of a rank r vector bundle V on X and 
an r-dimensional subspace V° C V\ Pl + P2 . In this paper, we will use the convention 
that for any sheaf F and closed p £ X we denote by F\ p the vector space F ® k(p) 
and denote by V\ Pl+P2 the vector space V\ Pl © V\ P2 . For any subsheaf F C V 
we denote by F\ Pl+P2 n the subspace Im{F| Pl+P2 — > V| Pl+P2 } (~l and define 
r+(F) =dim J F| pl+P2 n^°. 

We begin with the investigation of locally free sheaves on a chain of rational 
curves. Let R be a chain of n P^s coupled with two end points go and q n in the 
first and the last components of R. We order the n-rational curves into R%, ■ ■ ■ , R n 
so that Ri fl Ri+i = {qi} for 1 < i < n — 1, qo ^ gi G i?i and ^ g n _i € In 
the following we will call such R with go and g„ understood an end-pointed chain of 
rational curves. Now let F be any admissible locally free sheaf on R. Inductively, 
we define vector spaces Wi C F\ qt inductively by Wo = {0} and 

Wi = {s( qi ) | s G H (R i ,F),s(q i - 1 ) G Wi_i} C F| ft . 

We call TL, = the transfer of G i* 1 ^,, along i?. Note that 

(2.1) 1% = {s(<? n ) | s(g ) = and s G H°(R, F)}. 

If we reverse the order of R by putting i?^ = i?„_i + i, we call the resulting transfer 
T«_ C F| 9o the reverse transfer of G F\ qn . Notice that we have a well-defined 
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homomorphism F qn — > F| 9o /7V- by assigning to each element c E F\ qn the class 
of [s(q )] E F\ qg /T^- for some s E H°(R,F) such that s(q n ) = c. The kernel 
of this homomorphism is precisely the transfer T_^. Hence we have a canonical 
isomorphism 

(2-2) a:F\ g jT^^F\ go /T^. 

There is another way to see this isomorphism. Let H (R, F v ) ® Or — » F v and 

(f : F — > H°(R, F v ) v ®O r 

be the canonical homomorphism. Then ker(</?(go)) = r<_, ker(<^(g n )) = and the 
isomorphism i|2.2[l is induced by 

F\ qo ^H°(R,F^^F\ qn . 

Definition 2.1. We say a locally free sheaf F on R is regular if there are integers 
ai so that to each i E [l,n], 

F\r z — O r Ri a ' © Or z (l) a * and dim Wi = dim Wi-i + a l . 

Note that F is regular if and only if each restriction F\R i has only degree and 
1 factors and 

(2.3) {s e H°(R, F) | s(q Q ) = s(g„) - 0} - 0. 

Also, if F is regular then deg F — dim = dim T<_ • We now prove a lemma 
concerning regular bundles on rational chains that will be useful later. 

Lemma 2.2. Let the notation be as before and let o~o ■ F\ qa — > F\ qo /T^ and o~ n : 
F\q n — > F\ qn /T-> be the projections. Suppose So C F| go and S„ C F| 9n are two 
subspaces so that £(o~ n (S n )) C <7q(So). TTien i/iere is a subsheaf J- C F so that 
Im{F| go -> F| go } = So, Im{F|g n -> F| gn } = S„ and 

x(-F) > dimS n + dim So — dim(7o(5o). 

Proof. The proof is straightforward, which is based on the following easy obser- 
vation. Suppose A C F\ qo and B C F| g7J are one dimensional subspaces so that 
oo(A) = £(a n (B)) 7^ {0}. Then there is a unique subsheaf C = Or Cfso that 
Im{£| go —y F\ qo } = A and Im{£| g „ -» F| 9 J = B. 

We now construct the subsheaf J 7 . First, we write S n = A\ ® A2 so that A2 = 
kero"„ n S n . Then by assumption, there is a subspace A[ C So so that A^ is 
isomorphic to A\ under a^ 1 o o ctq. We let A3 = kerero (~l So and A4 C So 
be the compliment of A[ © A3. Then by the observation just stated, there is a 
subsheaf T\ = C^ ai c F, where ai = dimAi, so that J-i\ qo C F\ qo is A\ and 
Fi\ qn C F\ qn is We then pick F A ^ C| a4 C F, where a 4 = dimA 4 , so 

that J-4\ qo C F\ qo is A4. We then define F2 C F to be the subsheaf spanned 
by {s E H°(F(-q n )) \ s(q ) E A 2 }. Similarly, we defined T 3 C F to be the 
subsheaf spanned by sections in iJ°(F(— go)) whose values at g n are in F2. Clearly, 
x{J~i) — ffl», where 04 = dim Aj. Finally, let F C F be the image sheaf of 

<p : Fi © F 2 © F 3 © F 4 (-g„) F. 

By our construction, we certainly have ImfF^ — > F| g< } = 5; for i = and n. As 
x(F), it is equal to x(Fj) — 04 — x(ker </?). Because the restriction of cp to go and 
q n E R are injective, the structures of Ti guarantee that H°(R, ker ip) = 0. Hence 
x(keriy9) < 0. This proves the inequality of %(F). □ 
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Now we pick a pair of non- negative integers (n, m), and form the two end- 
pointed rational chains R and R' of length n and m, respectively. Let qo,q n E R 
and q' ,q' m E R' be the respective end points with their nodes qi and q' i} respectively. 
We then form the 2-pointed curve X n<m by gluing p\ and pi in X with the qo E R 
and the <7 E -R', respectively, with g„, its two marked points. Namely, X n<m 
has two tails of rational curves, the left tail R 9 q n and the right tail R' 3 q' m . If 
we identify q n and q' m , we obtain a pointed curve x] l+m . 

Now let £ be a rank r vector bundle over Xj l+m so that its restriction to the 
chain of rational curves D C X„_)_ m is regular. Let 

P '■ X n>m > X n+m and it : X n>m — > X 

be the tautological projections. First, E = p*E is a locally free sheaf on X n m and 
E can be reconstructed from p*E and the isomorphism cj> : E\ qn = E\ q t = E\ q i via 

o — > b — ► p*£ — > (E| 9n © £ I^J/r* — > o 

where C © is the graph of 0. Here we view the last non-zero term in 
the sequence as a k(gT) vector space, which is naturally a sheaf of 0x n+m -modules. 
In this way the vector bundle E on Xj l+m is equivalent to the GPB (E, T^) over 

Xn,m- 

We now show how the GPB (E.T^) naturally associates to a GPB over X + . 
First let V = (n*E v ) v . Since the restriction of E to D is regular, p*E v and hence 
V are locally free sheaves on X. Clearly, we have x(Y) = x(E) — x(E) + r - Next, 
by its construction we have canonical it*(tt^E v ) — > E v and its dual 

(2.4) E — >7T*T/ = 7r*(7r„i; v ) v . 

Restricting to q n and q' m , we obtain 

hi '■ E\q n — > 7r*V| 9n = V\ P1 and h 2 : E\ qL — > n*V\ qL = V\ P2 . 

We then define V° C V\ Pl © F| P2 to be the image of C £| gn © under the 
homomorphism hi © h,2- We claim that dimF = r. Suppose dim!/ < r. Then 
there is v E so that h\{v) = /12(f) = 0. Since v E T^, its image in E\ Qn and 
in are identical, using E\ 9n = E\ q i . By our previous discussion, h\{v) = 

implies that v lies in the kernel E\ qn — > S| go /r<_, which implies that there is a 
section s E qo)) so that s(g n ) = u. Similarly, /12(f) = implies that 

there is a section s' E H°(E\n/(—q' )) so that s'(<z„) = v. The pair (s, s') then glue 
together to form a section of E that vanishes along X°. Since E\d is regular, such 
section must be trivial, and hence v = 0. This proves that dim V° = r and hence 
the pair V G = {V, V°) is a GPB on X. 

2.2. a-stable bundles and a-stable GPB. In this subsection we will show that 
the correspondence constructed in the previous subsection relates a-stable bundles 
on X' n , m to a-stable GPBs on X + . 

Definition 2.3. Let a E [0, 1). A GPB V G = (V, V°) is a-stable if for any proper 
subbundle F c V we have \i (F,a) < p G (V,a), where 

p G (F, a) = ( X (F) + (1 - a)r+ (F))/r(F) 3 



^The a-stability is the (1 — o)-stability of GBP introduced in 0. 
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Let Gr,y' be the set of all isomorphism classes of a-stable rank r GPBs on 
X + of Euler characteristics X ' = \ + r. In this subsection, we will show that the 
previous correspondence defines a map 

V« x {tf)^Q« x ,{X+). 

This map will be useful in studying the moduli of a-stable sheaves on . 

We now prove the following equivalence of the stable GPB and stable vector 
bundles on X^ +m . 



Proposition 2.4. Let E be a rank r vector bundle of Eular characteristic X on 

L n+m ' 



Xj,, m . Suppose E\d is regular. 4 " Then E is a-stable if and only if its associated 



GPB V G = {V,V°) is a-stable. 

Proof. We first prove that E being a-stable implies that V G is a-stable. Let U C V 
be any proper subbundle. We need to show that fi G (U,a) < /i G (V, a). We will 
prove this inequality by constructing a subsheaf F C E so that Tq{F) = r(U), 
X(F) > x(U) - 2r(U) + r + {U) and r\F) = r + {U). Then we have the inequality 
because 

G _ X (U) + (1 - a)r+(U) . (X(F) + 2r(U) - r+(U)) + (1 - a)r+ (U) 

M 1 ' ] ~ r(U) S r(U) 

_ x(F)-arHF) X (E) - ar _ X (V) + (1 - a)r _ G 

— . . -|- & <- -r & — —fi(v,a). 

ro [r ) r r 

We now construct such F. First let U = E\x f~l U, which makes sense since by 
construction V is just the result of a elementary (Hecke) modification of E\x at 
pi and p 2 so that E\ x C V is a subsheaf. Let A\ = \xa{U\ vl — > E\ qo } and A 2 = 
lm{U\ P2 -> E\q- }. We then let B c r be the preimage of U° = V° n (U\ Pl © U\ P2 ) 
under the isomorphism V° = T^, and let B\ C E\ Qn and B 2 C E\ q i be the 
image of B under the obvious projections. Let o~o '■ E\ qo — > E\ qo /T^- and o~ n : 
E\ qn — » E\g n /T_ be the projections and £ :E\ qn /T^ = E| go /T<_ be the tautological 
isomorphisms, constructed in l|2.2|l . We claim that ^(cr ra (Bi)) C cto(^i)- Indeed, 
let (1*1,1*2) £ B be any element with (1)1,1)2) S 17 its preimage. By definition, 
£(<r n (i;i)) = (To(ui). Hence £(<r n (.Bi)) C o-q(Ai). Similarly, if we let <t , a' m and £' be 
similar homomorphisms associated to g , q' m and p 2j we have (a' m (B2)) C er (.A 2 ). 

We now apply Lemma to conclude that there is a subsheaf F\ C so that 

ImiF^ ^ E\ qo } = A 1: Im{Fi|,„ -+£| g J = Bi, x(^i) > dimSi + ei, 
where ei = dimker{J7| Pl — > f7| Pl }. Similarly, we have a subsheaf F 2 C -E|.r' having 
ImLF 2 | g , -» = i4 2 , Im{F 2 | c -» = B 2 , X (F 2 ) > dimB 2 + e 2 , 

where e 2 = dimker{C/| P2 — > J7| P2 }. Note that B\ = B 2 under the identification 
E| ?n = E\ q i m . Therefore, the subsheaves U C E\ Xl Fi C E\ R and F 2 C glue 
together to form a subsheaf F C E such that ro(-F) = r(U), r' (F) = dimSi = 
dimS 2 = dim (7° = r + (U) and 

X(F) = x(U) + x(Fi) + X(F 2 ) - 2r((7) - dirnC > X (U) - 2r(U) + dim (7°. 



4 By Lemma |l.2l E\jy is regular whenever E is a-stable. 
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Here we used the fact that x(U) = x{U) — e\ — This F is the desired subsheaf. 
This prove the first part of the lemma. 

We postpone the other part of the proof until we give a more precise description 
of the destabilizing subsheaf of E. □ 

2.3. a-stable GPB and a-stable bundles. We will complete the other half of 
Proposition 12 .41 in this subsection. 

We begin with a characterization of the destabilizing subsheaf of E on , m . 
Let E be a vector bundle on X} l+m as in Proposition 12.41 Let F C E be an 
a-destabilizing subsheaf. Namely, //(F, a) > /x(F, a) and is the largest possible 
among all subsheaves of E. Since E\d is regular, as mentioned before r (F) = 
rank-F^o > 0. In the following, we say that a sheaf F' with F C F' C E is a small 
extension of F C E if F'/F is a sheaf of O^-modules. We say F\ D = F ®o Xn On 
is non-negative if the torsion free part of the restriction of F to each rational curves 
Di C D has no- negative factors. 

Lemma 2.5. Let E be as in Proposition \2.4\ and F C E be an a-destabilizing 
subsheaf. Then fo(F) > 0, F\d is non-negative and there are no non-negative 
small extension F C F' C E of F C E. 

Proof. First, r${F) = is impossible because of our assumption \ > r - Suppose 
there is an irreducible component Di C D so that F\jj i is not non- negative. Namely, 
there is a t > so that {—t) is a quotient sheaf of F\u i . We let F' be the kernel 
of the composite F -> F\ Di -> Di (-t). Clearly, X {F') > x{F) and r^(F') < r^{F) 
while rkd-F' < rkd-F 1 . Hence fi^(F',a) > /.id(F,a), violating that F is an a- 
destabilizing subsheaf of E. 

Now suppose F c f 1 ' C E is a small extension of F so that F' is also non- 
negative on D. We claim that ^d(F' , a) > fid(F, ct)- We look at the quotient sheaf 
F'/F. Since is non-negative, F'/F is also non-negative. Further, since F'/F 
is a sheaf of O^-modules, it is easy to see that 

X(F'/F) > r^F') -r^F). 

Hence because a < 1, the slope Hd(F', a) is 

( X (F) - art(F)) + (y(F'/F) - a ( r t(F') - rt(F))) ^ X (F) - m-t(F) 
rk d F + 0( e) > rkdF = 

Here we used the fact that r (F) > and that e is sufficiently small. This violates 
the assumption that F is an a-destabilizing subsheaf of E. □ 

We now give a more precise description of the destabilizing subsheaf F C E. 
We begin with more notation. Let D%, ■ ■ ■ ,D n+m be the ordered rational curves 
of D C x] l+m with nodes qo, ■ ■ ■ , Qn+m an d the marked node = q n . We let 
■D[i,j] = U^ =i+1 Z?fc be the subchain of D. There are several (possible) subsheaves of 
E\u that are important to our later study. The first is the subsheaf Ouj] C E\r>, 
which as a sheaf is isomorphic to Od^ ^ and such that the induced homomorphisms 
<r(qi) : ® k(gj) — > _F| 9i and : ® k(gj) — » _E| gj - are non-zero. If we 

impose the condition cr(gi) ^ instead of c(g'j) = 0, we denote the resulting 
subsheaf by 0(ij]- The sheaves is defined similarly in the obvious way. The 
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other subsheaf is C[ n + m ] C E\r>, which as a sheaf is an invertible sheaf of Op- 
modules, its degree on Dk is 1 and its degrees on other components are all 0, and 
the induced homomorphisms cr(go) and <j{q n +m) are both non-zero. 

Lemma 2.6. Let E be as in Proposition \'2,.J\ and F C E be its a- destabilizing 
subsheaf. Then the image subsheaf of F\d E\r> is a direct sum of subsheaves 
from the list 

Q[Q,i)l C(i,n+m], O[0,n+m], [O,n+m]- 

Proof. Since E\n is regular, all restrictions F\o k have only degree and 1 factors. 
We first assume there is a component Dk so that F\n k has a factor 0D fe (l) . Then 
there is a subchain Duji containing Dk so that this factor C>D k (l) C F\o k extends 
to a subsheaf C C F\d so that C is an invertible sheaf of Or> {i ^ -modules and the 
degree of C along each Di C Duji is non-negative. However, if there is another 
I 7^ k so that the degree of £ on fl; is 1, then we can find a section of £ that 
vanishes at g^ and qj. Using C — > this section induces a section of -B that 

vanishes on X°, violating the fact that E\d is regular. Hence deg£|i) ; = for all 
k I 6 [i + 1, j]. For the same reason we conclude that cr(qi) : £ <g> k(g^) — > 
can not be zero since otherwise we can find a section of E that vanishes on 1°. 
Since is locally free, this is possible only if i = 0. For the same reason we 
have j = n + m and a(q n+m ) ^ 0. Hence C C £7|r> is a subsheaf of the type 
C[o, n+TO ] c E\d described before. 

Since F\r> has only degree and 1 factors, it is direct to see that OL n+m j C F\n 

must be a direct summand. Let F\r> = c[o' rl + m ] © -T 7 ' be a decomposition. By 
repeating this procedure to the sheaf J- 1 , we conclude that F\jj is a direct sum of 

\k] 

sheaves of type O[ „+ m ] with a sheaf T whose restriction to each Di has only degree 
factors. We now show that T must be a direct sum of a torsion sheaf and sheaves 
of the first three kinds in the list of the lemma: C[o,i]j C(i,n+m] and 0[o, n +m]- 
Suppose is not supported at points. Then there is a subchain Duj] C O so that 
. C T is a subsheaf. Let <r(gi) and cr(gj) be the induced homomorphisms 
0D [4ii] <8 k(gj) — > and 0D [4(i] <8> k(gj) — > - As before, we can show that 
cr(qi) and cr(gj) can not be simultaneously zero. Further, cr(g i ) ^ is possible 
only if i = 0. Hence has a factor from the first three kinds in the above list. By 
repeating this argument, we conclude that F\]j is a direct sum of sheaves supported 
on go and gn+m, and sheaves from the list. □ 

We now complete the proof of Proposition ^. 41 

Proof. We need to show that if E is a-unstable then V G is a-unstable as well. Let 
F C E be the a-destabilizing subsheaf of E. We let R and R' be the left and the 
right rational tails of l„ jm , let E = p*E be the pull back vector bundle on X n>m 
and let 1V_ C E\ qo and T<_ c E\ q i be the reverse transfer of E\r and We 
follow the notation introduced before (|2.4[) with and g^ the nodes of i? and i?' 

so that go = Pi and g = P2- Then E\x and U fits into the exact sequence 

— > E\ x — >V — ► 7V_ ® k(p x ) © <g> k(p 2 ) — * 0. 

Let C be the image subsheaf of /0*F|x — > E\x, let J 7 ' D be the largest 
subsheaf of E\x so that T' j T is torsion and let F' C V be the largest subsheaf 
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so that F C F' and F' jT is torsion. Here the inclusion F C F' is understood in 
terms of the inclusion of sheaves E\x C V. Since F' is the largest possible such 
subsheaf, it is a subbundle of E\x and F' /F is contained in E\ Pl ®E\ P2 . We claim 
that F' / F\ Pl n TV- = F' / F\ P2 D T/_ = {0}. Since otherwise we can find a small 
extension of F C £ so that its /i(-,a) degree is larger than /j(F,a), violating the 
maximality of the latter. Combined with the maximality of n(F,a), we conclude 
that F' / F is a torsion sheaf supported at pi and p2 and is indeed a direct sum of 
a k(pi)-module and a k(p 2 )-module. 

We now write the torsion free part of F\o as a direct sum of sheaves in the 
list of Lemma [2.61 Let a_ (resp. a+) be the number of summands of type O[o,i) 
with i < n (resp. i > n) in the decomposition; let (resp. 6+) be the number of 
C(i,n+m] in the summand with i < n (resp. i > n); let c be the number of summand 
O[o,n+m] and let d_ (resp. d+) be the number of summands OK J n+m i with i < n 
(resp. i > n). A direct check via the construction of V shows that 

dimF'/F\ Pl = r Q (F) - (a++c + d+) and dim F' /F\ P2 = r (F) - (b_ + c + d_). 
Hence 

X(F') = X (F) + 2r (F) - (a+ + 6_ + 2c + d_ + d+). 
Further, by a direct check we have x(^) = x(^)+ c and r^(F) = a + +6_+c+rf_+d+. 
Hence 

x(F')=x(F) + 2r (F)-r^(F). 
A similar argument shows that r + (F') = a + + 6_ + c + <i_ + <i + and hence p (i* 1 ) = 
r+(F'). This implies that 

x(F') + (l-a)r+(F') _ X (F) - ar^F) v - ar x' + (1 - g)r 

r(F') r(F') r r 

violating the a-stability of V G . This completes the proof of Proposition ^. 41 □ 
Corollary 2.7. Each E £ V r Q x (X t ) has 2luto(£) = C x . 

Proo/. Let E e V^ x (X f ) be a sheaf over X n , m and let (<r, /) be an automorphism 
of E. Namely, a:X n+m — > A n+m is a based automorphism and /: a*E = E is an 
isomorphism. Let a':X njm = A n?m and f':a'*E = E be the induced isomorphisms. 
Since ct|x = id, / induces an isomorphism f : E\x — > -E|x- Clearly, /' preserves 
the subspaces C £7|g and C Hence if we denote by I/ G = (V, V°) the 

associated GPB of E, f extends to an isomorphism / as shown 

> E\ x ► V ► TV- ® k(pi) T/_ ® k(p 2 ) * 

/ 

> ^Ix > V 1. T_ ®k(pi) ®k(p 2 ) * 

We claim that the GPB structure F° C V| Pl ffi T^| P2 is preserved under /. Indeed, 
because C E\q n ®E\ q < m is the graph of the tautological isomorphism E\ Qn = E\ q > m , 
and this isomorphism is preserved by /', is preserved by /'. Next, we look at 
the homomorphism 

E\ qn ^E\ q jT^^E\ qo /T^. 

Obviously, the first arrow is canonical. The second arrow is induced by 0^ a C E\u, 
which is also preserved by /'. Hence composite of the above arrows is invariant 
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under /'. Therefore, the image of in V\ Pl ®V\ P2 will be preserved under /'. This 
shows that (/, cr) induces an isomorphism / of V whose restriction to X a C X is 
exactly f\ x o. 

Since E is a-stable, V G is a-stable by Proposition 12.41 and hence by the usual 
argument, the automorphism group of V G is C x . Hence / is a multiple of the 
identity map. In particular, after replacing / by a multiple of itself, we can assume 
f\x° = id- We now show that a — id. As before, let qo, ■ ■ ■ , q n +m be the nodes of 
Xn+m- Since qi are fixed points of cr, the isomorphism / induces automorphisms 
f\ qi : E\ qi — > E\ qi . We first claim that all f\ qi — id. Suppose not, say f\ qk 7^ id. 
Then < k < n + m since f\x° = id- Since E\d is non-negative, there is a section 
s £ H°(D,E) so that s(qk) is not fixed by f\ qk - Hence s — f~ 1 *cr*s is a section 
of H°{D,E) that vanishes on c/o and q n + m but non-zero at c/fc. This violates the 
a-stability of E. Hence all f\ qi are the identities. 

Next, we claim that Cfc = cr\u k are identities for all D^. Indeed, since E\r> k = 
0® r ~ a ®G Dk (l) ffia for some a > 0, there is no isomorphism of E\ Dk with a%{E\ Dk ) 
whose restrictions to qk-i and qu are the identity maps unless Uk — id. Finally, 
since a = id and the restrictions of / to X° and all nodes are the identity maps, / 
must be an identity map since E\u k has only degree and 1 factors. This proves 
that 2lut (£) = C x . □ 

The association from E £ V" X (X^) to V G £ Q" x i (X + ) constructed above defines 
a map 

(2.5) v r yxt)-^ x ,(*t). 

On the other hand, by the moduli space of a-stable GPBs (V, V°) on X + of 
rank r and x{V) — x' = X + r form a fine moduli space G" / {X + ). We now show 
that the above correspondence induces a morphism 

(2.6) M£ x (£t) — G« X ,(X+). 

Later we will show that in case r = 3 this is the composition of two blow-ups along 
smooth subvarieties. 

Let 3£ x (£t) and S" X ,(X + ) be the moduli functors of the sets V r Q x (X t ) and 
C?" X /(X + ). To prove the statement, it suffices to show that the map ()2.5JI defines 
a transformation of functors 3 r " x (3C^) 3"" X /(A + ). Namely, to any scheme S 
and a family £ £ ^" x (X ji )(S) it associates a unique family V G £ $" X ,(X + )(S), 
compatible to (|2.5(l and satisfies the base change property. Let £ £ ^" x (X j( )(S) be 
any family over [Ws,q')- Let p:Ws — > Ws be the normalization along q^(S) C Ws 
and let it : Ws X x S the contraction of all rational curves on the fibers. Let q_ 
and q + C Ws be the two sections of Ws / S that are the pre-images of q^ (S) . We 
then denote p.; = pi x S C X x S. As usual, we index q± so that 7r(q_) = pi. We 
define V = (jr^p*^) . Because £ is a family of a-stable sheaves, R 1 ir^p*£ v = 
for i > 0. Hence TT^p*£ y and V are locally free sheaves on X x S. Next, there are 
canonical homomorphisms 

7r*P*£ v | Pl — >p*£ v \q_ and ir*p*£ v \ P2 — >p*£ v | q+ . 

Coupled with the identity p*£| q _ = p*£ | q+ , we obtain homomorphisms 

£|gt(S) ^P*^lq-+q+ > ( 7r *P*^ V ) V | P l+P2 = V lpi+P2- 
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Here p*£ | q _+ q+ is p*£| q _ ®p*£ | q+ , considered as a sheaf of Cs-modules. We define 
V° to be the image sheaf of the composition of the above arrows. It is direct to 
check that this construction £ =>- (V, V°) satisfies the base change property. Hence 
as we argued before (in constructing V G = (V, V° j) for each closed £ 6 S the 
induced 

(£|,t( S) )®k(0 — ►V| pi+Pa ®k(0 

is injective. Hence V° is a subvector bundle of V| Pl + P2 . Consequently, by Lemma 
12. 41 and the base change property the pair V G = (V, V°) is a family of a-stable GPB 
in X >(X + )- This defines the desired transformation of the functors. 

2.4. M" x (£f) as a blow-up of G" , (X + ). In this subsection, we will restrict 
ourselves to the case r — 3 and \ — 4- We will show that M3 4 (£T) is a blow up of 
G3 7 (X + ). We will prove this by looking at the inverse of l|2.6[l : 

(2.7) * : G£ j7 (X+) ► M« 4 (£t), 

and prove that after two blow-ups of the domain we can resolve the indeterminacy 
and the resulting morphism is an isomorphism. 

For simplicity, in the remainder of this paper, we will denote G3 7 (X + ) by G a 
and denote Mf 4 (X+) by M Q . By Q] Theorem 2], we know that there is a universal 
family of GPBs (V, V°) on G" x X, where V is a rank 3 vector bundle over G a x X 
and V° is a rank 3 subbundle of V| Pl + P2 = V|g°x P i © V|g°x P2 over G°. On the 
open dense subset U C G Q where the induced V° — > V\ Pl and V° — > V\ P2 are 
isomorphisms, we get a family of vector bundles over U x by taking the kernel 
of 

(1 x p) m V — > (1 x p).V|,/V° = (V| P1+P2 )/V°, 

where p:X Xq is the normalization map and g G Xo is its node. By Lemma 12.41 
the resulting family is a family of a-stable sheaves on Xq. 

The resulting {/-family of a-stable sheaves defines a morphism U — > M°, which 

defines a rational map G Q > M a , inverse to the given M Q — > G Q . We now show 

how to eliminate indeterminacy by blowing up the domain G" twice. 

Let Yj (resp. Z,) be the subvariety of G a consisting of GPB (V, V°) such that 
V° — > (resp. y° — > V| P2 ) have ranks at most i. Clearly Yo C Yi C Y2 and 
Zo C Zi C Z2 are chains of subvarieties with Yo and Zo smooth. Further, because 
dim^° = 3, we know that Z n Y 2 = Y n Z 2 = Yi n Z 1 = and Yi intersects 
Z2 and Zi intersects Y 2 transversally. We now blow up G" along Yo U Zo. We 
denote the blow-up of G" by G" and denote the proper transforms of Yj and 
Tii by Y^i and Z< 1. Because of the intersection property mentioned, the proper 
transforms Yi 1 and Zi^ are smooth, satisfying similar intersection properties. We 
next blow up Gf along Yi^i UZi^. We denote the blown-up by G Q and denote the 
corresponding total transforms by Y,; and Zj. This time, all Y,; and Zj are smooth 
normal crossing divisors. 

We now show that G a > M a lifts to a morphism G Q — > M°. Such morphism 

will be induced by a family of a-stable sheaves parameterized by G a . We now 
construct such a family. First, we blow up the codimension 2 subvarieties Yo x pi 
and Zo x p 2 C G Q x X. We denote the resulting family (the blown-up) by W\. Let 

TTi : Wi -» G Q , $1 : Wi — >G"xI and : G" — ► G Q 
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be the obvious projections. Note that the fibers of ni are one of X, Xq,i and Xi,o. 
Let qi C W\ (resp. q^) be the proper transform of G Q x p\ (resp. G Q x p 2 ) and 
let Di (resp. D^) be the exceptional divisor over Y x Pi (resp. Z x p 2 ). 

Next let (V, V°) be the universal bundle of G a given by a vector bundle V over 
G a x X and a subbundle V° of V| Pl+P2 , where p, = G a x Pi c G a x X. We 
introduce a new locally free sheaf on W\\ 

V 1 4 kcr{^V — ► $JV| Dl © *iV| Di }- 

Because Yo is the locus where V° — > V| Pl are zeros, and likewise for Zo, the pull 
back 0JV° — > $iV| qi+q ' factor through 

(2.8) ^ = 0*^—^1^. 

The pair (Vi,Vi) is a family of GPBs on (W^i, qi, qi), parameterized by G Q . As 
argued in 0], for each £ € G Q the homomorphisms 

"^l Iv^i,,; — * Vi|vvi, ? nqi and V°|w li4 — ► Vi|w M nqi 

have ranks at least 1. 

We now modify this family along the rank 1 degeneracy loci Yi and Zi. The 
construction is similar. We first blow up Wi along the disjoint union of 7r 1 " 1 (Yi)nqi 
and 7rf 1 (Zi) nq'j. Let W 2 be the blown-up, let q2 and q' 2 be the proper transforms 
of qi and q^ and let D2 and D 2 be the exceptional divisors of $2 : W 2 — > W\ ■ As 
argued in 0], the cokernel 

A 4 CokerfVft-^) — > Vil^-HY^nqJ 

is a rank two locally free sheaf on 7r 1 ~ 1 (Yi) n qi. Similarly, let £[ be defined with 
Yi replaced by Zi and with qi replaced by qi- It is also a rank two locally free 
sheaf on ttj (Zi) flq^. Similarly to the rank case, we define V2 to be the kernel of 
$2^1 - * &l£i®3>lC'i. It is a locally free sheaf over W 2 . Further the homomorphism 
(|2.8() induces a homomorphism 

(2.9) V 2 ^*V ^V 2 |q 2+ q; r 

The pair (V 2 , V 2 °) is a family of GPBs on W 2 over G". 

Lastly, we resolve the rank 2 degeneracy. Let ir 2 : W 2 — > G a be the projection 
and let W3 be the blow up of IV2 along the disjoint union of n 2 1 (Y 2 ) n q2 and 
7i"2 (Z2) (~1 q 2 . Let q3, q 3 be the proper transforms of q 2 and q 2 and let D 3 
and D 3 be the exceptional divisors of $3 : W3 — > W^- Again the cokernel C 2 of 
^2 lir _1 (Ys) — * l7r _1 (Y 2 )nq 2 anc ^ ^ e similarly defined C 2 are rank one locally free 
sheaves on 7r2~ (Y2) n q2 and tt^ (Z2) (1 q 2 - We define V3 to be the kernel of 
$*V 2 — » $5^2 © *3>C 2 - Then we have the canonical 

(2.10) V 3 ^*V ^V3|q 3+ q; 3 . 

Lemma 2.8. The family of GPBs (V3, V3) on W3 has the property that the induced 
homomorphisms V° — > Vs|q 3 and V3 — > V3 are both isomorphisms. 

Proof. We omit the proof since it is similar to that in -4 and follows directly from 
the construction. □ 
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For simplicity, we denote q3 and q'^ C W3 by q and q' C W , and denote (V3, V3) 
by (V, V°), respectively. We then glue the two sections q and q' of W to obtain a 
family W* over G a with the marked section q} , the gluing locus. Clearly, W* is a 
family of based semistable model of X and the tautological projection p:W — > 
is the normalization of W> along q^ . Over W* , we define £ via the exact sequence 

— » £ — ► p*V — > (V| q © V| q /)/V° — > 0. 

We now show that the family £ is a family of a-stable vector bundles over 
W^/G a . We begin with a closed £ £ G a , with E — ► X} l+rn the restriction of 
£ -»■ to the fiber over £. We will follow the notation introduced before. In 
particular, let D be the chain of rational curves in x\ l+m with = q n its based 
node, let X n ^ m be its normalization along q* and let R and R' be its two rational 
tails. By our construction, E is the gluing of a GPB (V, V°) on X n:Tn . Let £ S G° 
be the image of £ with (F, V°) the corresponding GPB. 

Lemma 2.9. The vector bundle V\r is a regular vector bundle, as defined in Defini- 
tionWH Further, if we let A = ker{V° -> V\ Pl }, then lm{A -> V° f -> 
is exactly the transfer TL, C V| 9 „ defined in 1^2.1)) . 

Proof. We define the type of the left tail V\r to be the triple («o,«i,«2) defined 
by ij = 1 if £ e Yj and i,- = otherwise. Clearly, n = io + «i + «3- We first 
study the case (ioiH?^) = (0,1,1). Since we only want to understand V\r, we 
can assume without loss of generality that m = 0. We begin with an explicit 
description of the construction of V — > -^o- First, we let B\ = C 2 be the cokernel 
of V° -» V| Pl and let V' = ker{V -> Si'® k(pi)}. The definition of V induces 
a canonical filtration B\ C V'| P1 . Next, let U 2 be Ou^l)® 2 © 0^. Again the 
canonical inclusion ©^(l)® 2 C U 2 defines a filtration k(qo)® 2 C U 2 \ qo , We fix an 
isomorphism U 2 | 9o = T^'| Pl so that it preserves the two subspaces C 2 just mentioned. 
We then define V 2 by the induced exact sequence on X\$: 

— > V2 — ► J*V" © j> 2 — > V"| P1 © k(q ) — > 0. 

By our construction of V 2 , V 2 is the restriction of V 2 to W 2 |. The restriction of 

V® — > V2|q 2 induces a homomorphism — > V2 | 9l - Since i 2 = 1, its cokernel -B2 
has dimension 1. 

We define V3 similarly. Let V 2 ' be the kernel of V 2 — > £?2- Note that V^'| qi has 
a filtration C C C 3 . Let J7 3 = 00,(1) © Og 2 . Then U 3 \ qi also has a filtration 
C C C 3 . We fix an isomorphism V 2 '\ qi = U 3 \ qi , preserving the two filtrations. We 
then define V3 on X 2i o by the exact sequence 

— > V 3 — > %V 2 ®ZU 3 — » ® — » 0. 
Here j:Ai, — > X 2 fl and j' :D 2 — > X 2 $ are the obvious inclusions. Again V3 is the 
restriction of V3 to the fiber of W3 — W over £. Also, the restriction of V3 — > Vs|q 3 
gives us V° — > V3 |g 2 which must be an isomorphism. 

We now check that V3 |,r 2 is regular. First, Vs\d 2 has one degree 1 factor and 
two trivial factors. We claim that V3 also has one degree 1 factor and two trivial 
factors. By our construction, this will be true if Im{V° — > V 2 \ qi } C V 2 \ qi is different 
from the C 2 C V2 | q2 induced by the canonical 0£>i(l)® 2 C V^loi- Indeed, if they 
are identical, then V° — > V\ Pl has rank 0, a contradiction to %q — 0. Hence V3ID1 
has only one degree 1 factor. 
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It remains to show that dimT_ + C dim V3 1 92 = 2. We claim that T_» = lm{A — > 
V° -» V 3 \ q2 }, where A = ker{V° ->• V\ Pl } = C 2 . But this can be checked directly 
based on our explicit construction, and will be left to the readers. 

The other cases are trivial except when the type of V\r is of type (1,1,1). The 
study of this case is parallel to the case studied, and will be omitted. This proves 
the lemma. □ 

Lemma 2.10. Let the notation be as before. Then E on Xj l+m is a-stable. 

Proof. We first check that E\]j is regular. By the previous lemma, the restriction 
of E to each rational curve has only degree 1 and factors. Hence to show E\d 
is regular we only need to show that there are no non-trivial section s G H (E) 
that vanishes on X° C X„ +m . Let s be any such section and let s be its lift in 
H°{X 7hm ,V). Then s(q n ) 6 and §{q' m ) G T^. On the other hand, if we let 
v G V° be the lift of s(q^) via the canonical V° = E\ q t, s(q n ) — s{q' m ) — v, under 
the canonical V\ Qn = V\ q i = V . By the previous lemma, s(q n ) lies in the kernel 
of V° — > V\ Pl and s(q' m ) lies in the kernel of V° — > V\ P2 . This is impossible unless 
v = since V° — > ^| Pl + P2 is injective. This shows that s(q jf ) = 0. Then s = since 
V\n n and V\ri are both regular. This proves that E\r is regular. 

Once we proved that E\d is regular, we can apply Lemma l2.4l to conclude that 
E is a-stable. This completes the proof. □ 

Corollary 2.11. The family of locally free sheaves £ on W* over G a is a family 
of a-stable vector bundles. 

As a consequence, we get a morphism A : G a — > M° over G Q . Now let U C G" 
be the largest open subset so that A|u is one-one. Since both G Q and M Q are 
smooth, A will be an isomorphism if Codim(G" — U) > 2. The complement of 
the 6 divisors Y,,Z 4 (i = 0,1,2) represents GPBs (V,V°) such that V° -> V\ Pl 
and V° — > V\ P2 are isomorphisms. Obviously this is mapped isomorphically by A 
onto the open subset in M a whose points represent a-stable bundles over X$. By 
construction, the complement of this open set in M° consists of 6 divisors whose 
generic points are bundles E over X\ (2 choices for gt) such that the restriction of E 
to the rational component is O a © 0(l) 3 ~ a (3 choices for a). From our construction 
of the family of a-stable bundles over G", it is easy to see that A maps the 6 
divisors of G Q to the 6 divisors of M Q . Hence the restriction of A to any of the 6 
divisors Yj, Zj is generically finite. Since A is injective on the complement of the 6 
divisors, A is a local homeomorphism at generic points of the divisors and hence A 
is injective on an open set U whose complement has codimension > 2. Therefore 
we proved 

Corollary 2.12. G a S M Q . 

3. Variations of M^ d (X t ) in a 

The goal of this section is to investigate how M" d (X^) varies when a varies in 
[0, 1). Following the work of h is expected that there is a finite set A C (0, 1) 

so that M™ d (£t) is a constant family when a varies in a connected component of 
(0, 1) — A. Further for a G A the two moduli spaces 

(3.1) M^)< >M^(£t) 
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are birational and differ by a series of flips. In this section we will give detailed 
description of the flips of (|3.1|1 . 

3.1. The jumping loci. We begin with determining the set A. We continue to 
assume (r, %) = 1 and x > r throughout this section. Let a 6 [0, 1) — A r be any 
real number, let S > be a sufficiently small number and let = a ± S. We 
suppose M^ x (X t ) is different from M?£(£+). Then there is a locally free sheaf E 

on Xl that is in M" X (X^) but not in M^(X t ). Namely, there is a proper subsheaf 
F C E so that 

(3.2) Hd{F,a~) <fi d (E,a~) while n d (F, a+) > n d {E, <*+). 

Since E\d is regular, r {F) > 0. Then l|3.2[l implies that 

X (F) -art(F) _ X {E) - ar 
MF) ~ r ■ 
This means that a S A, r . Hence the set A can be chosen to be A r . We summerize 
it as a lemma. 

Lemma 3.1. For any two ai,ct2 in a connected component of [0,1) — A r; the 
birational map \S. 1)) is an isomorphism. 

It is direct to check that A 3 = {1/3, 2/3}. 

In the remainder of this section, we will restrict ourselves to the case where 
r = 3. Since for a ^ A 3 the moduli space Mj^ is a blow-up of Gg the previous 
lemma suggests the following lemma. 

Lemma 3.2. When a varies in a connected component of [0, 1) — A3 the moduli 
spaces G" x are all isomorphic. 

Proof. The proof is straightforward and will be omitted. □ 

As in ^ , it is relatively easy to prove a vanishing result of the top Chern classes 
of a certain vector bundle on . What we need is the vanishing result on M3 . 
One strategy to achieve this is to give an explicit description of the flips involved 
in the birational maps 

iV1 3, X *~ -> iV1 3, X ^ ^ iV1 3,X- 

It turns out the two arrows are similar. So we only need to study the first arrow in 
detail. 

3.2. Variation of /. Since M" x is a blow-up of G™ /, it is natural to study 
the variation of G Q in detail, which we will do now. 

As we will see, we need to study GPB (V, V°) with dim V° ^ rankF. Here is 
our convention. We denote by G" x a the moduli space of a-stable GPBs (V, V°) of 
rank r vector bundles V with x(^0 = X an< i a-dimensional subspaces V C ^| pi+P2 . 
We will still use G" x to denote G" xr , i.e. when dim!/ = rankT^. Also, in the 
remainder of this paper we will mostly interested in the case r = 3 and \ = 4, for 
convenience we will abbreviate G3 7 to G a and abbreviate M3 4 to M Q . 

We first investigate how G Q varies when a varies. Recall that a GPB (V, V°) G 
G" x a on X is a-stable (a-semistable) if for any nontrivial proper subsheaf F C V, 
we have 

X (F) + (l-a)dimV°n F\ Pl+P2 X (V) + (1 - a)a 

r(F) r [ - h 
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Since both sides of the above inequality are linear, if a GPB (V, V°) on X is te- 
stable but a2-unstable for some ai < a2 in the interval [0,1), then we get the 
equality 

X (F) + (1 - a) dim y° n F| P1+P2 _ 7 + (1 - a)3 
^' dJ rank(F) ~ 3 

for some a between a\ and cx,2- It is elementary to check that the equality can hold 
only when a = 1/3 or 2/3. Hence G Q varies only at a = 1/3 and 2/3 and thus it 
suffices to consider only the moduli spaces G 0+ , G 1 / 2 and G 1 . 

The variation of G Q near a — 1/3 can be described as follows: the equation 
(13.31) holds at a = 1/3 only if we have a subbundle F such that 

(3.4) rank(F) = 2, X (F) = 4, dim^° n F\ Pl+P2 = 3 
or a subbundle L such that 

(3.5) rank(L) = 1, x(L) = 3, dim V" n L P1+P2 = 0. 

Suppose a GPB (V, V°) is 0+-stable but 1/2-unstable. Then V has a subbundle 
L satisfying (|3.5() . The quotient bundle F — V/L is equipped with a 3-dimensional 
subspace F° of F\ Pl+P2 that is the image of V°. Let L° = 0. Then both GPBs 
(L,L°) and (F,F°) are 1/3-stable with the same parabolic slopes. Notice that the 
1/3-semistability is equivalent to the 1/3-stability for G2 43 and G\^ . 

1/3 1 /3 

We now let A = G 2 4 3 x G x 3 . The previous argument shows that there are 
maps 

G ° - G x /2 A GVa - G° 

that send (V, V°) to pairs ((F, F°), (L, L )). We now show that there are two vector 
bundles W~ and W + over A so that 

(3.6) G°-G 1/2 =Piy~ and G 1/2 - G° = VW + . 

Let {F G ,L G ) = {{F,F°),(L,L a )) E A be any pair. Let Ext 1 (F G , L G ) be the 
space of all extensions of GPBs 

— > L G — > V G — > F G — ► 0. 

It is a C- vector space which fits into the long exact sequence 

— > Hom(F G ,L G ) — > Hom(F, L) — > Hom(F°, L\ Pl+P2 /L°) — > 

— > Ext 1 (F G , L G ) — > Ext x (F,L) — ► 0. 

Thus we have 

(r)-)- 1 ^ ^ )) =PEid\F G ,L G ). 
Since L G and F G are both 1/3-stable with the same slope, Hom(F G ,L G ) = 
by a standard argument. Hence by the Riemann-Roch theorem, we have 

dimExt 1 (F G ,L G ) = -x(Ext'(F,i))+6 = 2g. 
(Recall g(X) = g — 1.) As to the base A, we have 

dimG^ = dimExt 1 ^ 6 , F G ) = - X (Exf (F, F)) + 1 + 3 = Ag - 4 

and 

dimG^ 3 3 = dimExt 1 ^ ,^ ) = — %(Ext'(L, L)) + l=g-l. 
Thus dim A = 5g — 5 and 

dim(G° - G 1 / 2 ) = (2. 9 - 1) + (5. 9 - 5) = 7g - 6. 
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Following the standard procedure, we pick a universal family T G = (J-jJ 70 ) over 
3 x X + and a universal family C G — [C, £°) over G^ 3 3 x X + . We let 71"™ be 

1/3 1/3 

the projection from A x X — G 2 4 3 x G x 3 x I to the product of the i-th and 
the j-th factor. We then form the locally free sheaves 

W~ = Exti 12 (n* 13 T G , tt* 23 C g ) and W+ = Ext^ 12 (7r* 3 £ G , n* 13 F G ). 

Note that fibers of W~ and over (F G ,L G ) are exactly Ext^F^L ) and 
Ext 1 (.L G , F G ), respectively. Again, as in ^1] one shows that 

G -G 1/2 =PW- and N rw - /G o = tt* <g> O vw - (-1). 

Here we use N^/ B to denote the normal bundle of A C B and 7r_ : — > A is 
the projection. Notice that 

dimM = dimG = (7g - 6) + dim Ext 1 (L G , F G ) = 9g - 8, 

(the dimension of Ext 1 is calculated below) which is exactly the dimension of the 
moduli of rank three vector bundles over a genus g curve. 

Similarly, the vector space Ext 1 (L G ,i ;iG ) that parameterize all extensions 

— >F G — >V G — > L G — ► 

satisfies a similar long exact sequence and by the stability of F G we have 

dim Ext 1 (L G ,F G ) = -x(Ext'(L,F)) =2g-2. 

Hence for the same reason, 

G l/2 _ G = FW + and Npw+/G1/2 ex k* + W~ ® O rw+ (-1). 

Again, following the work of Thaddeus ^1], one checks that the blow-up of 
G° along FW~ is isomorphic to the blow-up of G 1 / 2 along Piy + , extending the 

birational map G° > G 1 / 2 . Since the details are routine, we omit it here. This 

is the explicit description of the flip between G° and G 1 / 2 . 

3.3. Flip loci in M"— First approach. In this subsection, we will study the flip 
loci of M° ^bir M 1 / 2 utilizing the fact that both are moduli of stable vector bundles 
over XK 

Let £~ C M° and E + C M 1 / 2 be the indeterminacy loci of the above birational 
map, namely the smallest closed subsets so that 

(3.7) M° - XT -=-> M 1/2 - S+ 

is an isomorphism. Our first approach to determine the set T,^ is to characterize 
all members in T,^. 

Lemma 3.3. Let E G be any member and F C E its 1/3^ -destabilizing sub- 
sheaf. Then 



(r (F),r\F), X (F)) 



(1,0,1) per 

(2,3,3) if E £ E + 



Proof. By Lemma \'2. 51 we must have ro(F) = 1 or 2. In the case ro(F) = 1, r'(F) 
and x{F) must satisfy the equation x(F) ~ r'(F)/3 = (4 — l)/3, which is possible 
only if r'(-F) = and x(F) = 1- To determine if E is in £~ or S + , we only need 
to compute 

fi(F, 0) ~ 1 < 4/3 and n(F, 1/2) ~ 1 > 4/3 - 1/2, 
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which implies that E g M 1 / 2 . Thus fieE". 

Similarly, when r (F) = 2, the restraint is %(F)/2 - r+(F)/6 = (4 - l)/3, 
which has solution r'(F) — 3 and x(F) = 3. A simple computation shows that 

£eE+. □ 

We now give a more detailed description of pairs F c E G E + which must 
have (r (F), r^F), = (2,3,3). We assume E is over A^ +m . As before, 

let go> Sii " " ' be the nodes of X] l+rn with g = P- in A. We define r(i ? , <&) = 
dim{F| 9i — > Then since ro(-F) = 2, we must have r(F,q ), r(F,q n ) < 2. On 

the other hand, let F\p = ®\Ci 5 be the decomposition given by Lemma [2~B1 Then 
because r'(F) — 3, k > 3. We claim that k — 3. First, because 

4 > r(F,q ) +r(F,q n ) = y"V(A, go) + r(£j, q n ), 

and r(£i, qo) + r(Ci, q n ) > 1, k > 4 is impossible. When fe = 4, by Lemma l3~3l 

(Flo)*' 1 £ O [0)il) © O [0:42) © Oy ljn] © Oy a , n] . 

Clearly, this is possible only if x(F\d) > 4 + 4%(0.d), which contradicts to the 
regularity of Hence k = 3. In this case we must have 

(F\ D ) U - S* O [0>i) © Oy in] © O [0 , n] or O [0)i) © (j>] © o[£ n] . 

Now let the marked node of A^ be Since r(F,qt) > r(F,q ) and r(F,q n ), we 
must have < Z < n, thus n = 2 or 3. When n = 2, must be one of the list 

(3.8) O [0 ,2) © O(o,2] © O[o, 2] , O[o,2) © O(o,2] © o[J 2] , O [0)2 ) © O ( o, 2 ] © Og| 2] . 

When n = 3, the a ± -stable condition on E forces E\r) i to have at least one degree 
1 factor and combined there are at most three degree 1 factors. Hence each E\u i 
has exactly one degree 1 factor. Following this, it is easy to see that when q^ = qi, 
F\% must be one of 

(3.9) O [0 , 2 ) © O(o,3] © O[ 3l 3] , O [0 , 3) © O (0 ,3] © 0g| 3] 
and when q^ — q2, F\d must be one of 

O [0 ,3) © 0( 1)3] © 0[J 3] , O [0 ,3) © O (0l 3] © 0g 3] . 

To make our presentation easier to follow, we represent such subsheaves by 
graphs. Here is the rule we will follow: for each D k C D, we will encounter 
invertible subsheaves a : C —> E\o k , where £ is either On k or Oo fc (l). There are 
two cases, depending on whether the image sheaf u{C) lies in a factor Oo k or a 
factor Od ) .(1) of E\u k . In case <r(qk-i) = (resp. 0) we will attach a circle 
(resp. dot) to the left end point of this line segment. We attach a circle or a dot 
to the right end point of the line segment according to whether a(qk) = or =/= 0. 
Following this rule, we will represent a sheaf of O^-modules whose restriction to 
each Dfc is as mentioned by a chain of line segments, with dots or circles attached. 
The following is the list of such subsheaves on D = -D[o,2] : 



Figure 1: These represents subsheaves O(o,2], C[o,2), O[o.2], @\o2] an< ^ ®\o2]- 



^-F]q is the torsion free part of -F|o 
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We next indicate how to represent a pair of sheaves F C E near D C X]. 
Let U\ and U2 be small (analytic) disks containing p\ and p 2 € X and let Z) = 
Ui U £) U U2 C X2 be an analytic neighborhood of D C X2 . The following are three 
examples of pairs F C E of subshcaves in invertiblc sheaves _B: 

t 1 . •— ^ — ■ — • .— — • J-JU ■ 



Figure 2: The sheaves E in all three cases are invertible sheaves of 0^,-modules. Its 
degrees along D\ and D2 are 1 and (abbreviated Oj^) in the first two cases and are 
and 1 (abbreviated 0?') in the last case. In the first case, F = E and E/F — 0; In the 
second case, F = Oduu 2 and E/F = Oui, In the last case, F — Ouiud and E/F = Ou 2 - 
The three arrows indicate that the marked node of the first two examples are qo and of 
the last example is qi. 

Accordingly, a pair F C E with rank E = 3 along _D will be represented by three 
horizontal lines, each representing a direct summand of E\f > . The following is such 
an example: 



Figure 3: In this example, E\j D is a direct sum of (from top to bottom) O? 1 (BO [ ^ ®0 [ ^\ 



The solid lines represent the subsheaf F\p C E\jj, which is a direct sum of Ou x ud C O ^ , 
Oduu 2 C [ £ and [1] C Og 1 . 

By analyzing the possible structures of {F C E 1 } G S + over x\ +m , we arrive at 
the following complete lists of such sheaves: 



7+o. 



/+°: 



-O- 
— •- 



I+ 1 

■*-n. 



It 1 : 



■O- 
-•- 



J+2. 



r+2. 



It 2 : 



■o- 
-•- 



-o o- 

. 1 . 



—o- 



■ o- 
-•- 



Figure 4: This is the complete list of sheaves in E + . Note that if 1 are the reflections 



of/+\ 



Lemma 3.4. The above is a complete list of sheaves in E + ; The sheaves of types 
it 3 can be (small) deformed to sheaves of type it ; Let I+, Ijj" and 1+ 6e i/ie set of 
sheaves in S + of types It' , I/f and It' , respectively. Then I+, Ijj" and I J are i/iree 
irreducible components of £+ ; Finally, n 1+ = wMe 1+ fl f resp. 1+ fl 1+,) is 
i/ie set consisting of sheaves of type It 1 = It 2 (resp. It 2 = I\t 2 )- 



Proof. We have already shown that sheaves of types in the above list can not be 
0-stable. On the other hand, it is easy to construct examples of sheaves of each of 
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the type in the list that are 1/2-stable. Hence, all types in the list classifies some 
sheaves in E + . It remains to show that this is a complete list. If {F C E} e S + is 
over x\, then we have already shown that it must be from the list {/+°, I^~ }- 
The case where E is over x\ is similar, and will be omitted. 

The statement that sheaves in 7+ 1 can be deformed to sheaves in 7+° is straight- 
forward. Let E be such a sheaf, over x\ with = q\. Clearly by smoothing the 
node (fe G X% we can deform X^ to x\ . Then it is direct to see that we can deform 
E to E' on X\ so that E' has type J+°. The proof of the remaining statements are 
similar. We omit the details here since a direct construction will be given when we 
study the flips of M Q later. □ 

We next give the graphs of all types of sheaves in E~. Since the proof is parallel, 
we will omit it here. 

. — o — o o _ o J> o — . — • 1 o o 



1 



■o- 
■o- 



— o o „ — o o — I o o , — o o o- 

T~°- 1 T~ ■ 1 T ■ 1 
O O — J S> O • — J b O — • • — J f> O O » 



-^-5 o , — * 1 5 o o . — • — 



o 

r- a. 1 r- «. 1 r—». 

1 b o O — — • — 1 b o o O » — 1 b o o • • — 

o 0----0 o 0----0 o o o 0----0 

Figure 5: These are graphs of some of the sheaves in £~. 

Proposition 3.5. The sheaves in £~ can be divided into subsets: 

1. 1~ % and I~ % where i — 0, • • • ,4; The graph I~ % is the reflection of I~ l along 
the vertical axis passing through the arrow; 

2. I b ~ i where i = 0, • • ■ , 5; 

3. where i = 0, • • ■ ,5. Here the graph of I~ l is the reflection of I^ 1 along the 
axis passing the arrow. 

The set £~ is an irreducible subvariety o/M°. 

3.4. Flip loci in M°- Second approach. In this subsection we will give an al- 
ternative description of the flip loci T, ± of M° ^bir M 1 / 2 , based on the flip loci of 
the moduli of GPBs described before. 

First let us describe S + . We know that M 1 / 2 is the result of blowing-up G 1 / 2 
along Yo U Zo and then blowing-up the proper transform of Yi UZi. It is obvious 
that S + lies in the inverse image of G 1 / 2 — G° = PH /r+ . It is easy to see that the 
varieties Y and Z arc disjoint from Thus they do not contribute to the 

flip loci S+. Let (V, V°) be a non-split extension of (L,0) £ G^ 3 3 = M h3 (X) by 

(F, F°) e G^4. 3 . Then (V, V°) lies in Yi (resp. Zi) if and only if F\ Pl C F° (resp. 
F\ P2 C F°). Let 

H 1 = {((F,F°),(L,0)) \F\ P2 CF»} and S 2 = {((F, F°), (L, 0)) | F\ Pl C F }, 

both are subsets of A. Since Yi is defined to be the loci where V° — > V\ Pl have 
dimensions at most one, Yi Pi PW + is the preimage of Si C A, which has codi- 
mension 2 in ¥W + and the normal bundle Ny inPW + /vw+ is the pull-back of the 
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normal bundle Nu 1 /a- A similar statement holds for Zi n PW + as well. To deter- 
mine the preimage of PW + in M 1 / 2 , we need to know the normal bundle iV Yl ; G i/ 2 , 
especially its restriction to Yi R PW + . Now let £ £ Yi n PW + be any point lying 
over (F G , L G ) 6 A. It is direct to see that 

(3.10) T^G 1 ' 2 /(T i Y 1 + T S PW+) £* Hom(F| Pl , L\ P2 ) 

canonically. Since Yi RPiy + has codimension two in PW + , dimT ? G 1/2 /T ? Yi = 4. 
A similar picture holds for the intersection Zi R PVK + . 

Now let B be the blow-up of A along Si US2 with Ti and T 2 the two exceptional 
divisors in A over Si and S2 respectively. Then the preimage of PW + in M 1 / 2 
is the union of three smooth irreducible varieties: the first is the blow-up of PW + 
along PW A+ n(YiUZi), which is PW + XaB, a projective bundle over B; The second 
is a P 3 -bundlcs over PW + x A Si and the third is a P 3 -bundles over PW + Xa S 2 . 
We denote these three components by I+, 17 and E+, respectively. Note that 

(3.11) dimB = 5g-5, dimI+=7.g-8 and dim Ijj" = dim 1+ = 7g - 7. 
The intersections are 

1+ n 1+ = 1+ x B Ti and 1+ n 1+ = 1+ x B T x . 

We close this subsection by showing that the subsets I just defined are exactly 
the corresponding subsets described in the previous subsection. Indeed, a general 
sheaf [£] e I a defined in this section has associated GPB E G fitting into the exact 
sequence 

— > (F, F°) — ► (E, E°) — > (L, 0) — > 

so that F° l~l F| Pl and F° R F\ P2 are 1-dimensional. Hence the associated subsheaf 
J- C £ has no Cpi (1) when restricts to any rational component in the base curve 
of £. This shows that the two I defined in the above two subsections are identical. 
Now consider a general sheaf [£] in the component I5 defined in this section. Then 
since its associated GPB E G is in Yi, it still fits into the above exact sequence 
with F\ P2 C F°. In particular, there is a rational P 1 in the base of £ which is to 
the left of the marked node so that J-\pi has a factor Opi (1). This shows that the 
two definitions of It are identical. 

3.5. Flipping M 1 / 2 . The goal of this subsection is to show that we can flip M 1 / 2 
along 1+ and then flip the resulting variety along the proper transform of 1+ U 1+ . 
We will show in the next section that the resulting variety is isomorphic to M . 

We begin with determining the normal bundles of . In the following we adopt 
the convention that for S C P we denote by T$P the restriction of the tangent 
bundle TP to S. 

Lemma 3.6. Let P,Q be smooth subvarieties of a nonsingular variety R such that 
S = P (~l Q is smooth. Let it : R — > R be the blowing-up along Q and P be the proper 
transform of P. Then we have an exact sequence of vector bundles 

— » N p/R — » 7T*N P/R — > ir*[T s R/(T s P + T S Q)] — > 0. 

Proof. It follows from Lemma 15.4 (i), (iv) in [j^. □ 

Our first application of the lemma is a description of the normal bundle to 1+ . We 
put R = M 1 / 2 , P = PW+ and Q = Y x UZ X . Since S = PnQ is PW+ x A (Si US 2 ), 
we have P = PW + , where W + is the pull back of W + to B, where the latter is 
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the blown-up of A along Si U H2. To determine the normal bundle Npip, we 
need to find the other two terms in the above exact sequence. The normal bundle 
Np/R = p*W~(— 1). Also a globalized version of the isomorphism (|3.1U[I shows 
that the quotient bundle TgR/ (TgP + T$Q) is the pull-back of a vector bundle 
on Si U S2, tensored with 1). Thus by Lemma 13. 61 the normal bundle 

iVj+y M i/2, which is Np,p in the statement of Lemma, becomes the pull-back of a 
vector bundle over B tensored with O r -^ + {— 1). Hence by the standard theory in 
birational geometry we can flip M 1 / 2 along I+. Let Mi be the result of this flip, 
let I a be the flipped loci and let \ and f c be the proper transforms of lb and I c . 

Our next step is to show that we can flip Mi along I& U I c . We begin with a 
detailed description of \. As mentioned before, 1+ PI Ijj" is the projective bundle 
Pxi W + while it is a P 3 -bundle over P^ W + . To proceed, we need a more detailed 

description of if. Let T G = {J-,T°) and C G — (£,0) be the restrictions to Si 

1/3 1/3 

of the pull-backs of the universal families of G 2 4 3 and G x 3 , respectively. Since 
J-£\ P2 C for each £ G Si, there is a tautological line subbundle I C T\ Vl so that 
for each £ 

Then the normal bundle A Yl / G to Yi in G = G 1 / 2 , restricting to P Sl W + C G, is 

N Yl/G ip Hl w+ = nom {r^\ P2 , r^\ P1 /i © (-1)) 

where ipi : Fs 1 W + — > Si is the projection and the sheaf V'i'Clpi i s twisted by 
Opiv+(— 1) because the universal GPB over P^W 4- is given by 

— > ^\T G — > £ G — > i)\C G <g> PW+ (-l) — ► 0. 

Therefore, 

(3.12) i+ = p(^| v 2 ®(^U/ie^£U(-i))), 

as a P 3 -bundle over P-^ W + , which itself is a smooth subvariety of M 1 / 2 . 
Based on this description, it is easy to see that 1+ n if is the sub-bundle 

1+ ni+ = vtyml ® C^U/^))) = P(^lp 2 ® n*/*) x h, 

Let 

P Hi W+x Hl P(^ 2 ) P^|v 



,w+ 



be the projections and let K, be the tautological line subbundle of F\p 2 on P^|p 9 . 
Then after we blow up M 1 / 2 along I+, the proper transform Eb is the blowing up 
of 1+ along I+nl 4 ": 

(3.13) E b = P«Vi^lp 2 ® © ^ © *2^r| Pl (8 TrJO(-l)), 

as a P 2 -bundle over Ph 1 W /+ Xhj P-F^. Inside this P 2 -bundle there is a subbundle 

p(<^-f|£®(A>i/*)) over f^+x Si p^i; 2 , 

which is the intersection E a n Eb. Viewed as a bundle over FT\^ 2 , we have 
E a nE b = (FW+ x Hl FT\; 2 ) x Hl EF|£. 



:S2 



YOUNG-HOON KIEM AND JUN LI 



The proper transform I& C Mi is then the contraction of E a R E& along all PW + 
factors, which is a bundle over P.? 7 ^ . We claim that I& is a projective bundle over 
VJ-\p 2 ■ Indeed, Ef,, considered as a bundle over f!F\^ 2 , has a subbundle Phj W + x Sl 
PjF|p 2 . Further, using the explicit expression its normal bundle in Eb along 

each slice 

PW C + xtjc F El W+ x Hl ¥T\ y p2 , 
where n G P-T 7 !^ is over £ G Si, is isomorphic to PW +(1)® 2 . Hence lb is a 
projective bundle over P.? 7 ^. By a moment of thought, one sees that 

lb = FW+ where W+ = lC ® ^(C\^ ® <8> V 2 *^ + - 

Let 7r:I fc = PW+ -> P-F^ be the projection. 

Lemma 3.7. There is a vector bundle W_ over PF|p 2 so that the normal bundle 
Nj b , Mi is isomorphic to tt*W- ® 0pw + ( — 1)- T/ie same conclusion holds for I c as 
well. 

As a corollary, we can flip Mi along Ej, U I c to obtain a new smooth variety M 2 . 

Proof. We continue to use the notation developed earlier. First, the exceptional 
divisor P-/V Yi /g of the blowing up of G = G 1 / 2 is a fiber bundle over Yi. Because 
l£ = PiV Yl /G x Yi (Yi n PT4^ + ), we have the exact sequence of vector bundles 

y N Kt/ PN Vi/G * * N PN Yl/a /Mi/2 ► 



and the identity 
where 



7T : P7V Yl /G x Yl (Yi n PW+) -> Yi n PW+ 
is the projection. Let 77 G PF|p 2 be any point over £ G Si. Then based on the 
description i|3.12H 77 defines naturally a subvariety 

p^p(o®7/®AUH)) ci+ 

which is a section of 

lb" x Hl £ — > V El W + x Hl £ = PW+. 

Hence P,, is isomorphic to PW^ + . 

We claim that the normal bundle -^^-/m 1 / 2 restricting to P,, is isomorphic to a 
vector space V tensored by Op v (—1). Indeed, since the normal bundle 
is the tautological sub-line bundle of the pull back of A" Yi /g over P-^Yi/g, its re- 
striction to P r; = P(0 ® 77 <g) -C^| Pl (—1)) is isomorphic to Prj ( — 1). As to the term 
■^YinFW+/Yi ) it is clear that its restriction to ¥W^ is isomorphic to V ® C7(— 1) 
for a linear subspace V C Ext 1 (J r | ? , Hence N f +, rNv G |p ?J , and therefore 
Aj+^jyji/alp^, are of the forms V ®0p„(— 1) for some vector spaces V'. 

Finally, since the flip loci of M 1 / 2 ~ Mi are away from t(PW^), 

By a theorem in [§], the restriction of Nf b / Mi to the fiber of PW+ over 77 G PF|p 2 
is of the form W ® C(— 1). Because this is true for all 77 G PF|p 2 , there must be 
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a vector bundle W- satisfying the requirement of the lemma. The case for I c is 
exactly the same and will be omitted. □ 

4. The isomorphism of the two flips 
The goal of this section is to prove the following. 
Proposition 4.1. The birational M° ~ M 1 ' 2 induces an isomorphism M° = Ma- 

We first briefly outline the strategy. As argued in section 3, we can flip M 1 / 2 
along 1+ to obtain a new variety Mi. Let I a , etc., be the flipped loci of I+, etc. 
Then Lemma 13.71 tells us that we can flip Mi again along \ and I c to obtain a 
new variety M 2 . The key is to show that the birational map M 2 ~ M° extends 
to a morphism M 2 — > M°, because it is an isomorphism away from a subset of 
codimension at least two, it is an isomorphism. 

We now list the main steps in constructing the morphism M 2 — > M°. We first 
blow up M 1 / 2 along 1+ to obtain the variety Mi, and then contract its exceptional 
divisor to get the flip Mi. Let \ and I c be the flipped loci of Ijj" and I+. We 
then blow up Mi along I„ U I c and then contract the exceptional divisor to get the 
second flip M 2 , as shown below. It is easy to see that if we blow up Mi along 
7r 2 ~ 1 (Ifc U I c ), the resulting variety M fits into the diagram below. The first main 
technical part of the proof is to show that the birational maps extend to a morphism 
0: M — > M°. This is achieved by first picking a (local) universal family of M 1 / 2 
and then performing an elementary modification to it to obtain a family on Mi, 
and then performing another elementary modification to the new family to get a 
family over M. We will show that the latter is a family of + -stable vector bundles, 
and thus induces a morphism 'J, extending the birational map. 

M - ^— M o 



Mi M 2 
\$r, \fr, \£. 



M 1 ' 2 Mi M 2 

In the end, we will show that \& descends to a morphism M 2 — » M°, as desired. 

4.1. The family over Mi. Our first step is to construct the (local) tautological 
family over Mi. Let £ £ 1+ D Ijj" be any point and let U C M 1 / 2 — I c be an open 
subset containing £. Without loss of generality, we can assume that the moduli 
space M 1 / 2 admits a universal family (£ over U that is a sheaf over a family of nodal 
curves VV over U. The desired family over M will be the result of an elementary 
modification to the pull back of £ to M. 

To this end, we first need to construct the associated family VV and W st over 
Mi. Let Mi be the blow up of M 1 / 2 along I+, let U C Mi be the pre-image of 
U C M 1 / 2 , and let VV = VV xuU be the pull back family. The family W is singular, 
and hence needs to be smoothed first. We now set up the notation for the singular 
loci of the fibers of W/U. Let £ 6 U and W/U be as before, and let N C VV be 
the singular loci of the fibers of W/U. Then N fl consists of four nodes: qo, 
qx, q* — q2 and qs of . By shrinking U if necessary, we can assume that N is a 
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disjoint union of four varieties A/o, ■ ■ ■ , A/3 indexed so that A/i (~l = qt. Clearly, 
A/2 is a section over U while all others are codimension two smooth subvarieties 
of W. Let Dj C U be the image of A/i under the projection W — > U. Then 

1+ n u c Di n D 3 while (1+ n i+) n u = i+ n D . 

Next, let E a C Mi be the exceptional divisor of ^i, let D; C U be the proper 
transform of Di and let A/i = A/i xuU C VV be the associated subscheme. Since Do 
intersects transversally with I + , the total family VV is smooth along A/q. Obviously, 
A/2 remains a section over U. As to A/i and A/3, first of all, VV remains smooth 
along A/i (resp. A/3) away from V\ =A/i| Eo nDi ( rcs P- ^3 - M\ Ea no 3 )- Secondly, 
the normal slice to Vi and V 3 in W are isomorphic to the singularity of Z1Z2 = Z3Z4. 
Hence we can find a small resolution of the singularities of W to obtain a new family 
W. It is known that the small resolution is obtained by first blowing up the singular 
loci of VV and then contract one P 1 factor of the exceptional divisors 6 . Since there 
are two P 1 factors, to proceed we need to specify our cohice of contraction. Let 
Pi and V3 be the exceptional loci of VV — ► VV, which are P 1 -bundles over Pi and 
Pz respectively. We next pick a lift r\ G E a n Di n D 3 of £ G 1+ PI Ijj" and consider 
the fiber VV,, of VV over 77. As it stands, it contains five rational curves, indexed 
by R\, i?2, R3 and -R3+ so that the first intersects with X at p\ while any 
two consecutive i?,'s insect at one point. The small resolution is the one so that 
Ri+ = W^nPi and R 3+ = W n nP 3 , and that if we let S C D nDinD 3 be a smooth 
curve that contains 77 and is transversal to E a , then the family W5 = VV x^j S 
smooth the nodes qi+ = Ri+ n R2 and q 3 - = R 3 (~l R3+ of the central fiber yV v - 
(See the figure below.) 



90 ) 90 

91 \ 91 

9l+'j 91+'' 

92 J 92 , 

93- { 93- (- 

QR \ 93 \ 



Figure 6: The left one represents the total family over S: the vertical chain of lines 
is the central fiber VVtj with each corner represents a node, as labelled, the top and the 
bottom lines represent the main component X while others are rational curves; The two 
dotted lines represent the two P 1 that are contracted under VV, ; — > W v , and the horizontal 
lines show that the associated nodes are not smoothed in the family S. The right figure 
represents the total space over a curve rj G S' C Di PI D3, S' C E a and is transversal to 
D . 

The family W st is a contraction of VV. Let IZ2 and TZ 3 be the two irreducible 
components of VV x^ E a that contain R2 and R 3 C VV,, respectively. It is easy to 
see that each is isomorphic to (E nU) x P 1 and its normal bundle in VV has degree 
— 1 along its fibers. Therefore, we can contract W along R.2 and 72-3 to obtain a 
new family of nodal curves. We denote this new family by W st with projection 

pr : VV — ► W. 



6 See H] §1] for details. 
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Next we investigate the associated families of sheaves over W and W st . Let (E 
be the universal sheaf over W. By our description of the sheaves in I+, for each 
C £ I„ n U the sheaf <£f = <£ ®o w ^w c has a canonical subshcaf C £^ and the 
associated quotient sheaf £^ = Let Z^ C Wf be the support of £f. Then 

£^ is a rank one locally free sheaf of 0z c -modules. Further, it is direct to check 
that the union U^ eUnI +-E^ forms a smooth subvariety of W and is the irreducible 
component of W x u (I„ n U) that contains Xx(I+nU). We denote this by Z 
with inclusion i : Z C W. Further, there is a locally free sheaf £ of O^-modules 
and a quotient sheaf homomorphism (S — > t*£ so that its restriction to each fiber 
is exactly the pair €^ — » £^ mentioned before. 

Now we are ready to perform an elementary modification on the pull back sheaf 
over W. Let Z C W be the pre-image of Z C VV under the projection W — > 
W. By our choice of the small resolution, Z is a smooth divisor of VV and the 
total space VV (E a n U) is a union of three irreducible components: TZ 2 , TZ 3 
and Z. We consider the pull-back family (£ = pr*€ and the associated surjective 
homomorphism l£ — > £ = pr*t*£. Let €' be the kernel of this homomorphism. 

Lemma 4.2. The sheaf <£' is a locally free sheaf of Oy^-modules. Further, for any 
rj £ E a n U, the restriction of (£' to IZ2 Xfjil and Xfj r\ = P 1 is isomorphic to 
Of?. 

Proof. Since Z C VV is a smooth divisor and £ is an invertiblc sheaf of Oj-modulcs, 
the kernel of pr* € — > £ is locally free. 

We now prove the second part. We first consider the case r\ £ E a n t)i n D 3 in 
details. Let S C Di n D3 be a smooth curve that contains 77 and is transversal to 
E a . Since Do is transversal to E a , we can assume S C Do. (See Figure 6.) Then 
the irreducible component VI of VV5 that contains Ri + and R 2 as (— l)-curves. 
Similarly, R3 and R 3+ are (— l)-curves in the irreducible component V2 as shown 
in figure 6. Now let £5 = (S ®Oy^ Cyy be the pull-back family. As before, we 
denote by £ v — > £,, the restriction of (S — ► £ to W v . Since E a is a smooth divisor, 
the sheaf <£' v = S'lyy^ is canonically isomorphic to ker{(£,g — > £,,11^. Following 

our convention, the pair <£,, — > £,, can be represented by the left graph in Figure 7 
below. 
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Figure 7. The last graph represents the type I b 5 in Figure 5. The quotient sheaf £, v is 
represented by the dotted lines. 

We now show that the middle one represents the sheaf First, since (£5 fits 
into the exact sequence 

— » £' s — > € s — £„ — 0, 
after tensoring with Oyy , we obtain 

> £^ > (S^ > CS^ > £^ > 0. 

Because €' v is locally free, £^ must be of the type shown in the middle figure above. 
Here we used the fact that the total space VVs is smooth at the non-locally free loci 
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of £ v (as sheaves of Oyy -modules) and the curves R2+ and R3+ are (— l)-curves. 
Consequently, the restriction of €' v to the two rational curves R2 and R3 are of the 
firm O®!. 

The study of the sheaves €^ for 77 G E a belonging to E>i — D 3 , D 3 — Di and in 
the complement of Di U D3 are similar and will be omitted. □ 

For completeness, we list their stable modifications as follows. 





— • • i 1 o o o o 5 o 1 » — „ o 1 > — 

1 1 T~ 3 - 1 
o o ■ • • — — » o o o o 1 b ■ — > o o 

— • 1 • • • • — O-" O O O O 0----0 o 

Figure 8. The top, middle and the bottom figures represent the process of stable 
modifications of <£ v for r\ in the complement of Di U D3, in D3 — Di and in Di — D3 
respectively. 

We now construct the stable modification of £. We first contract W along 7?.2 
and 7^3. Since the restriction of (£' to fibers of "Tli and IZ3 are isomorphic to Op 3 , 
there is a unique sheaf (£ st on W st whose pull back to VV is The sheaf (£ st is 
called the stable modification of £. The restriction of l£ st to fibers over E a are 
represented by the right figures in Figure 7. 

In the following, for any 77 G E Q we denote by (S^ the restriction of <B st to WS*. 
Note that by applying the same construction to different open subsets U, we can 
construct sheaves & for all 77 G E a , and it is independent of the choices of U. 

Let Ef,, E c C Mi be the proper transforms of l£ and I+. 

Lemma 4.3. The sheaves are + -stable for all rj G E a — E& U E c . 

Proof. Let 77 G E a be any closed point with 22* the associated sheaf on m for 
some appropriate integers n and to. Let ir^ : X n ^ m — > X\ m be the desingularization 
of the marked node and let 7r:X„ ln — > X be the contraction of all rational curves. 
Then E v = ir^n^*^ is a rank three locally free sheaves of Ox-modules with a 
GPB structure E® C E v \ Pl+P2 as described in Section 2. Furthermore, the subsheaf 
£, ; C and the quotient sheaf —> $ v defines a sub and a quotient GPB bundle, 
LP C E^ and E^ — > F®. According to Proposition ^. 41 is 0-stable if and only 
if E^j is 0-stable, which is the case when the extension 

(4.1) — > L G — > E° — > F G — > 

is non-trivial. Since E G is never F G © L G when is of types 7 b _0 and I^ 1 , (£J? 
could be + -unstable only when it was of type I^ 3 or of . (Here recall that 
there are no strictly O-semistable vector bundles.) 
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We now demonstrate that 77 must belong to E a R when is of type Ij^ 3 and 
its associated is a split extension. Let S C Do l~l D3 — Di be a smooth curve 
containing 77 and is transversal to E a , with Ws the restriction of W over S. Let 
X x S C Ws be the main irreducible component with L-.XxrjcXxS the central 
fiber. Let (£5 and €' s be the associated sheaf on Ws constructed before (Figure 
7). Then that <S^ is O-unstable, which is the case when (|4.1|) splits, implies that 

there must be a surjective sheaf homomorphism — > L*L{—p\ — -pi) so that the 
composite 

(4.2) £„ — » — t,L(-px - pa) 

is surjective. Let £2 be the sheaf of Oyy s -modules that fits into the commutative 
diagram with the lower sequence exact: 

► £' s > e s > C n > 

(4.3) 

► L*L(—pi - P2) > C 2 > £ n ► 

Now let X2 = X x Spec k[t]/(rj 2 ) and let 12 : A2 — > Ws be the immersion extending 
1 : X — > VVs- Since (|4.3|l is exact while the composition of l|4.2|) is surjective, the 
pull-back sheaf ijjX2 is an invertible sheaf of 0x 2 -modules and is an extension of 
i*L(-pi -p 2 ) by t»L(— pi -P2). Now let S" C M 1/2 be the image of S C Mi under 
the projection Mi -> M 1 / 2 with 7/ e 5" the image of 77 £ S". Since r\ G E a D E;,, 
77' belongs to 1+ PI it. A direct check shows that the existence of £s - * ^2 implies 
that the tangent T v iS' must be contained in the span of the tangent spaces 

(4.4) T, r I+ +T, r I+ CT V ,M^ 2 . 

Since E a is the blown-up locus of I„ while E& is the proper transform of Ijj" , the 
curve S must specialize to a point in the intersection E a nEfc, and hence 77 € E a nEfc. 
This proves the claim. 

In case is of type I^ 5 , a similar argument shows that 14.4fl also hold. But 
then since those of type 1^ are elementary modification along direction inside 
£>! n D 3 , it must be inside T^/I*. But this is impossible, which proves that if <S^ 
is of type I^ 5 then it must be 0-stable. □ 

4.2. The family over M. In this subsection, we will construct a family of sheaves 
over M after performing an elementary modification to the family constructed in 
the previous subsection, and we will then show that all members of this family are 
0-stable. This way we can prove the proposition by applying the universal property 
of the moduli space M° : 

Proposition 4.4. The birational map M > M° extends to a morphism M — > 

M°. 

We now prove this proposition. We will sketch the steps that are parallel to the 
proof in the previous subsection and provide details when called for. As mentioned 
before, the main strategy is to pull back the (local) tautological families over Mi 
to M, find a small resolution of the base variety of these families over M and then 
perform an elementary modification to these new families. The members of the 
resulting families are + -stable, and hence induce a morphism M — > M°. 
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We begin with any analytic neighborhood U C Mi — E c and the tautological 
family l£ st on W over U that was constructed in the previous subsection. When 
£ S Ef, is away from E a , then £|* must be of the type or l£ , as shown in figure 
4, and accordingly it has an associated quotient sheaf £{ and subsheaf 3{ that fits 
into the exact sequence 

(4.5) — » ft — > <£f — > £f — » 0. 

Note that sheaves of types i^ 1 " 2 are in I Q nib, and thus won't appear in E& — E&. If 
£ G Eb n E a , then it is of type I^ 3 with the additional property that the associated 
GPB short exact sequence of (£|* splits, as proved in Lemma [4.31 We now show 
that we can pick a new associated quotient sheaf of £|* so as to make it of type 

I^ as well: since £|* is of type I^ 3 , it is a sheaf on x\ l and fits into the exact 
sequence 

— ► C 6 — ><Ef — >Ti — > 0, 
according to the proof of Lemma f4. 21 Because the associated GPB splits, if we let 
£^ be the cokernel of Od x {— 1) © Cd 2 (~ 1) — * we obtain a unique surjective 

(4.6) €f — ► £ 5 

so that the composite — > £|* — > £5 is exactly the defining quotient homomor- 
phism >Q — > £,£. Let ^ be the kernel of €|* — * £5. Then (S^ fits into the exact 
sequence l|4.5|l as well, and the latter will be called the associated exact sequence 
of <£? and the sheaves ^ and £5 be called the associated sub and quotient sheaves 
of €f. Clearly, (|4.5|l makes such a sheaf of type 

As before, we can make the quotients — > £^ into a family of quotients. 
Let C VVj be the support of £ 5 ; Z 4 is X C when (S^ is of type 2^°, 

and is X^o C X| j when €|' is of type Jj^ 1 . The union Z = Supp^ gEb is an 
irreducible variety and there is an invertible sheaf £ of (Dg-modules and a surjective 
homomorphism 

(4.7) £ st — > t*£, 

where t : Z VV is the inclusion, so that its restriction to each is exactly the 
associated homomorphism in Q4.5[l . 

Our next step is to pull back the family l£ st to a family over M and perform 
elementary modification to it. Let V be ^^f 1 (U), which is the blowing up of U 
along Ef,; let it: V — > U be the projection; let E& be the exceptional divisor and let 
E a be the proper transform of E a . Let X — VV V be the pull-back family over 
V and let y — Z x^ V the associated subvariety of X. As before, the total space 
of X is not smooth, and we need to small resolve its singularity. For the moment, 
we consider the case where all sheaves over U are of types . Hence, by shrinking 
W if necessary we can assume that the singular locus of the fibers of VV/U consists 
of three smooth connected codimension two subvarieties: Mo, Ai and A2 that are 
ordered so that for £ e E5 the intersection n A/i is the i-th nodal point of Wj. 
Now let Mi — Mi Xy V, let D; C U be the image divisor of Mi under X — > U 
and let D; C V be the proper transform of D;. Then M\ is the marked nodes of 
the whole family X, that X is smooth along Mo except over those £ G Do D Et, 
and smooth along A/2 except over those £ G D2 D E&. Again, we blow up X along 
Mo x v (Di fl Eh) and A/2 Xy (D 3 n E&); we then contract one P 1 -factor from each 
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of the two exceptional divisors to obtain a family of nodal curves X. As before, we 
choose the contraction so that if we let y C X be the proper transform of y C X, 
and let T> and T> 2 be the two exceptional loci of X — > X, then the intersection 
y n Z?o and y D X>2 are finite over V; Namely it contains no curves that lie inside 
a single fiber X^ over some £ G V. 

We now pull back the family (£ st to X and perform an elementary modification. 
Let p: X — > W be the projection, and let 

(4.8) p*£ st ^p*i*£ 

be the pull-back of the pair Q4.71 . Then the kernel € of the homomorphism (|4.8|l is 
the modification we seek for. 

It remains to prove that all members in € are + -stable. Let £ G E& be any 
point and let 77 £ Ej, be any of its lifts. Since £ G D n D 2 , 77 can possibly be in 
Do l~l D2, in Do — D2, in D2 — Do or is away from Do U D 2 . Now we investigate in 
detail the sheaf <£ v when 77 G Do H D 2 . First, the curve is ^\ 2 with X^ — ► 
the contraction of the first and the last rational curves; When r\ t is curve in V with 
770 = tj and is normal to the family X Vt smooths the first 7 and the third node 
of X v . The pull back 

is represented by the left graph below with (p*i*£) v represented by the dotted lines. 
The modified sheaf (£ r) is represented by the middle graph. After contracting the 
third rational curve in X v we obtain a sheaf shown in the right graph that is of 
type J," 4 - 
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Figure 9. The graphs represent the sheaf over 77 G Do D2 before the modification, 
after the modification and after the stabilization. The resulting sheaf is of type I^ 4 . 

We will call the sheaf obtained after contracting the third rational curve the stable 

modification of (p*£ s1 %, and will denote it by (£!.*. 

We can derive the other stable modifications (JS* similarly and will give the graphs 

sketching their respective process as follows: 

— • • i 1 o o o o o — o o i — 
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Figure 10. From top to bottom, they represent the derivation of £^ in case 77 is in 
77 G D2 — Do, in Do — D2 and is away from Do U D2. 



^Recall that our convention is to label the nodes from the 0-th to the 3-rd if there are four 
nodes. 
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Exactly as in the case before, we can contract all those rational curves that are 
immediately to the right of the marked nodes in X v for all 77 £ Ej, simultaneously 
and obtain a new family X st that has smooth total space. Let <p : X — > X st be the 
stabilization, then (£ st = <p*€ is a locally free and the sheaves £^ for 77 £ E& are 
exactly the sheaves shown in the right column in figures 9 and 10. 

Lemma 4.5. All stable modifications (E® derived so far are 0-stable. 

Proof. We will only sketch the proof here, since the details are exactly the same as 
in the proof of Lemma |4~S1 First, <£ v could be 0-unstable only if its associated GPB 
were split. This is possible only when it is of type I^ 4 . Because 77 £ D H D 2 , the 
split of its associated GPB implies that the tangent in T^Mi associated to 77 lies 
in T^Eft, which is impossible. Thus the associated GPB is irreducible and hence all 
stable modification derived are 0-stable. □ 

We now consider the case where £|* is of type l£ . Let rj £ E^ be a lift of £, 

let X /V be an analytic neighborhood of 77 as before and let X — > X be the small 
resolution constructed according to a similar rule. We will have similar quotient 
family p*€ st — > p*i*£, and we will take the € be the kernel of this homomorphism. 
We still need to determine the types of members in l£. As before, we let A/o, ■ ■ ■ , A3 
be the loci of singular points of the fibers of W/U, let T>q, ■ ■ ■ , 2? 3 be their respective 
images in U and let T> , ■ ■ ■ , T> 3 be their proper transforms in V. The resulting type 
of the stable modification will depend on whether 77 is in Do H D2, in D2 — Do, in 
Do — D2 or is away from D0UD2. We will show their respective stable modification 
by providing their associated graphes as before: 
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Figure 11. The graphes represent the stable modifications of type 7^ sheaves over 
Do PI D2, over D2 — Do, over Do — D2 or away from Do U D2. 

Lemma 4.6. Let (£ over X be the result of the stable elementary modification of 
p*£ st , then all its members are weakly 0-stable and hence their stabilization are 
0-stable. 

Proof. The proof is similar to the argument before and will be omitted. □ 

The family (£ st over each V induces a morphism V — > M° that is the local 

extension of the birational M ► M°. Since both M and M° are smooth, the 

local extension patch together to form a morphism M — > M , as desired. 
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4.3. The existence of the descent M — > M°. In this subsection, we will show 
that the morphism : M — > M° descends to a morphism M2 — > M° . 

We begin with a brief outline of our strategy. First, we know that the flipped loci 
lb is PW + and is the result of E h after contracting E a nE b , and that the exceptional 
divisor of M 2 -> Mi over t b is PW+ Xp^v PTT_. Since M 2 is a flip of Mi, the 
projection '3/ 4 is the result of contracting all fibers of PW+. On the other hand, by 
our description of the contraction Mi — > Mi, the exceptional divisor of M — > Mi 
over 5' 3 _1 (l b ) is E b x Ml PW_. Since both M 2 and M° are smooth and since E fc 
is proper, to show that \P descends to an morphism M 2 — > M° it suffices to show 
that there is an open subset U C E b and an open V C PW~ so that the restriction 
of $ to U x Ml V is a composition of the second projection Uxm^^V with a 
morphism V — ► M°. 

To prove the last statement, we need a description of the normal bundle N PW+ / Ml 
that relates directly to the elementary modification we shall perform. It is expressed 
in terms of relative extension sheaves; hence a tautological family on Mi is required. 
There is one more technical difficulty: the space Mi is not a moduli space per se, 
thus we can not use deformation theory to derive its tangent bundle. Nevertheless, 
Mi is birational to M 1 / 2 , and thus over a dense open subset its tangent bundle is 
given by the deformation theory of sheaves. 

Our first step is to construct a tautological family over an open subset of PW + C 
Mi. Since PW+ is a projective bundle over P.F| V 2 , we shall content ourselves with 
constructing such a family over an open subset of the fiber PW +r) of PW + over a 
general rj G ¥T\^ 2 . Such family will be the universal extension of a sheaf by 
another sheaf C n over x\ l . 

We begin with constructing T v and C v . Let 770 G Si be any point associated 
to a pair of GPBs {F G ,L G ) with F° = £ © F\ P2 for a line i C F\ Pl , and let 
/3i :F — ► F\ Pl /£ — k(pi) be the induced homomorphism. Let X A i be the blowing 
up of (pi, 0) G X x A 1 , let ip:Xj^ -^Xbe the projection, and define 

F = kcrl^F^ 1 p*k(pi)}|jt o , where X - X A i x A i 0. 

The sheaf F is a locally free sheaf on X\$ = Xq whose restriction to the unique 
rational curve D\ C is isomorphic to O © 0(1). To obtain a sheaf on X\ t \ 
we consider the map ip2 ■ -X'i.i — * -^1,0 contracting the rational curve D 2 C 
attached to p 2 . By abuse of notation, we still denote by D\ the other rational curve 
in X\ t \. The sheaf we intend to construct is the direct sum 

(4.9) F' = ip* 2 F®0 Dl ®Od 2 (1), 

where Or> i — i^Ooi w hh Li'.Di — > -Xi,i the inclusion. 

Our next step is to glue F' along the two marked points of X\^\ using a lift 
r] G P^F\p 2 of 770 G Si that is defined by a homomorphism (3 2 : F — > k(p 2 ). Let V : 
X11 — > be the obvious morphism, let q_ = Z?in , i/; _1 ((j't) and q + = _D 2 n - _1 ((jt) 
be the two marked points of X\ t \, and let qo = DiDX and q 2 = D 2 C\X. We consider 
the space K- = Homx L1 {Od x , F') and the subspaces of F'\ q _ : 

V-,i = {/(?-) I / G K_, f(q ) = 0} and Vl 2 = {/(g_) | / G A".}. 

Obviously, 

+ V- tl £ F-, 2 £ F'\ q _ 
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form a filtration that depends only on F G . Similarly, we define a filtration 

+ V +A £ V+, 2 £ F'\ q+ 

via 

V+a=ker{^F| 9+ -^*k( P2 )| 9+ } and V+, 2 = V +>1 © 0j, 2 (l)|, + . 

This filtration depends on 77. After that, we pick an isomorphism h:F'\ q _ — » 
that preserves these two filtrations, and identify F' along the two marked points 
g_ and g + via this isomorphism to form a vector bundle on X\ 1 . We denote the 
resulting vector bundle by Th- 

Given two such homomorphisms h\ and h 2 , we say Th 1 ~ ^7t 2 if there is an 
automorphism er of AT^ 1 and an isomorphism o-*Th 2 — Phi ■ 

Lemma 4.7. Let r/ G P-7""|p 2 be any element and let Th be the sheaf on X\ 1 so 
constructed. Then Th, modulo the equivalence relation so defined, is independent 
of the choice of h. Let T v be a representative of this equivalence class. Then for 
any r( G PT\p 2 , T v ~ T v > if and only if r\ = rf . 

Proof. Let G be the group of pairs (v, a) where a is an automorphism of the pointed 
curve (Xi i i,q±) and v is an isomorphism a* F' — ft is direct to check that 
the tautological homomorphism G — > Aut(i 7 "| P2 ) preserves the filtration V +y , while 
the image of G — > Aut(F'\ pi ) is exactly the subgroup of automorphisms that pre- 
serve the filtration V_ i# . It follows that the equivalence class of the sheaf Th is 
independent of the choice of h. 

The proof of the second part is straightforward and will be omitted. □ 

Finally, let to -X — > X\ 1 be the tautological inclusion and let C v = L *L(—pi — 

Next, we will construct a vector space W v and a family of sheaves over PW^. 
Later we will show that W v is canonically isomorphic to W +v and the family over 
PW V and the tautological family over PW+r; coincide over a dense open subset of 
PW„ =¥W +ri . 

The vector space W v is the kernel of the canonical homomorphism 

Ext^y^Cn) — H° {Ext 1 = H°(k(q ) © k(g 2 )) ^ k((?2 ). 

Next we construct a family of curves over PW n . Let Pi = P 1 x FWr,, let (9(1) be 
the degree one line bundle over PW^ and let £> 2 = P(C © C(l)) be the associated 
projective bundle over PW V . We fix two sections 

Q_ = x PW r; and Q = 00 x PW V 

of 2?i and pick two sections 

Q 2 = P(0 © 0(1)) and Q+ = P(C © 0) 

of V 2 . We then glue ^tolx PW V by identifying Q with Pl x PW,, and then 
glue T> 2 to A^i j0 by identifying Q 2 with p 2 x PWV We denote the family from the 
first gluing by X\^ and denote the family resulting from both gluing by X\^\. The 
first is a constant family of X\x> and the second is a non-constant family of X^i 
over PW V - Let X\ A be the result of gluing the two sections Q_ and Q + of X\,\. It 
is a family of X\ 1 over PW rr 
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We now construct a sheaf J over X xl . Let X\_\ — » Xi.q be the contraction of 
the component T> 2 , and let $ : X\.\ — ► be the composition of the contraction 
Xi i — > with the projection Xi.q — > Jf^o C X^i. We consider the sheaf of 
Ox 1A -modules 

(4.10) 5 / = *V5-P , ©ODiffiO Da (Ca). 

according to the convention of (|4.9(l . Clearly, there are canonical isomorphisms 

S'\ Q± =F'\ q± ® k O s± . 

Hence any isomorphism h : F'\ q _ = F'\ q+ induces a canonical isomorphism h : 
-5' | q_ = S : '|q + . Using an isomorphism h that preserves the two filtrations as 
defined in Lemma f4. 71 we can glue along the two marked sections Q_ and Q + 
to obtain a new sheaf # over X\ x . Clearly, restricting to each fiber of X\ \ over 
¥W V , the sheaf is merely the sheaf F 1 constructed before, and the sheaf 5 is 
isomorphic to the T constructed in Lemma 14.71 

We are ready to construct the desired tautological family € over X\ A . First, 
recall that has a direct summand Ox> 2 (Q 2 ). Since Od 2 {Q 2 )\q 2 = Oq 2 (— l) 8 , the 
inclusion Ox> 2 {Q 2 ) C defines a subsheaf 

9i-Oq 2 {-1) -^3'\q 2 =$\q 2 - 

Let £ be the sheaf of O x \ -modules £ = Z*L(— p\ — p 2 ), where l:X x FW n — > X^\ 

is the tautological inclusion. Next let 7r : x\ x — > FW V be the projection and con- 
sider the following two relative extension sheaves and the natural homomorphism 
between them: 

(4.H) £xt x f i/pWv (2(-l),3) — &4 2 (£(-l),£), 

where the latter is canonically isomorphic to 

(4.12) Ext^j^.^gOpw^-l). 

Here Q 2 is the formal completion of x\ x along Q 2 while £ = £ ®o t Oq 2 1 etc. 

Because the support of £ only intersects T> 2 along Q 2 and the restriction of $ to 
X±fl xFW v C X{ x is the pull-back of F'\x ± , the kernel of the above homomorphism 
is canonically isomorphic to W v ® Cpw„(l)- Let e be a tautological section of 
W v ® Orw (1). It can be viewed as a section of the relative extension sheaf, thus 
defines an extension sheaf <B' fitting into the exact sequence 

— > 5 — ><£' — > £(-1) — ► 0. 

Because e is in the kernel of (|4. 1 1|> . (£' is not locally free along T> 2 . Not only that, 
there is a homomorphism fix : <£' — ► Oq 2 (—1) so that the composite $ — > (£' — » 
Og 2 (— 1) is identical to the composite # — > Op 2 (2?2)|g 2 = ^Qzf - 1) induced by 
grnj . Let /z 2 :£' -> Oq 2 (-1) be induced by £' -> £(-l)|g 2 and define £" by the 
exact sequence 

— > g" — £' ( ^ 2) Oq 2 (-1) — » 0. 
The resulting sheaf <£" is locally free along Q 2 . 



In case 7r:Z — > PW, is a family and £ is a sheaf of O^-modules, we will use £(1) to denote 
the sheaf E ® n*Opw (1). 
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The sheaf €' is still non-locally free along some points of Qq. Indeed, the section 
e composed with the homomorphism 

& 4 l/w j£(-i)J) — ext\ o {z{-i),%) - o Qa (i) 

defines a section of Oq (1) whose vanishing locus is exactly where €" is not locally 
free. Let s G H°(Oq (1)) be this section. Before we proceed, we need to resolve 
the non-locally freeness of (£". We first glue T> 2 to X x PW V by identifying Q 2 with 
p2 x PW n , and then glue T>\ to the resulting family by identifying Q_ with Q + 
in the obvious way. Let </?i : X' — > Aj x be the projection, which is the smoothing 
of A^ along Q C A^. Clearly, A"' is a locally constant family of Xq^s. We 
next blow up X' along pi x s _1 (0), where s is the section of Opw v (l) mentioned 
before. We denote the blowing up by X, and let Q' C X be the proper transform 
of pi x PW,, C X' . Lastly, we construct a new family x\ x by identifying (gluing) 
the two sections Q' and <2o of A" in the obvious way, and we keep the section 
Q_ = Q + C A* as its marked section. This way A^ is a family whose members are 
either X\ A or X\ A . Let A* — > A^ be the tautological projection. 

Lemma 4.8. TTiere is a unique family of locally free sheaves l£ over A^ so that 
ip*£= <£" and i?V*<£ = 0. 

Proof. The proof is straightforward and will be omitted. □ 

For £ G PW,, we denote by £5 the restriction of £ to the fiber A^ of A^ over £. 

Lemma 4.9. There is a line T, v G PW n so /or each £ G PW,, — i/ie s/iea/ 
<£,, is ^-stable. 

Proof. We will postpone the proof until the next subsection. □ 

Since for £ G PW,, — the sheaf (£j is ^-stable, by the universal property of 
M 1 / 2 the family (E induces a canonical morphism it:PW, — — > M 1 / 2 . Further, 
by the construction of the family, it is clear that u factor through If, — 1 , and hence 
to If, — I a C Mi. Since If, = PW + , the morphism u induces a morphism 

u : FWr, - £„ — ► PW+. 

On the other hand, the construction of the family (£ ensures that the composition 
of u with the projection PW+ ->■ PJ 7 ^ maps PW^ - to the point 77 G PJ 7 ^ . 
Thus u factor through 

u v : FW n - T, n — ► PW +ri . 

Lemma 4.10. The morphism u v extends to an isomorphism PW,, — ► ¥W+ V . 

Proof. By construction u n is one-one. Since dimPW,, = dimPW / +^ > 3, u n is an 
isomorphism away from a line. It is direct to check that u, q maps lines in PW,, — £, ( 
to lines in PW +r? . Hence u v automatically extends to an isomorphism. □ 

By the argument in Section 3, there is a vector bundle W- over PF\^ 2 so that 
the normal bundle 

where ip:PW + — * PJ 7 ^ is the projection. 
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Lemma 4.11. The normal bundle A^ Mi \pw v is canonically isomorphic to 

Ext^ [2]t (£,,, T v ) (g> O rWri (-l). 

Lemma 4.12. The restriction of the morphism ^ to the preimage ofPW+ n , say 
(/>,,: PW,) x PExtJy[ 2 ]t (£-q, J-rj) — > M° is i/ie composite of the second projection with 
a morphism /iiPExt^^tl^t)!-^)) M°. 

Proof. We will postpone the proofs of these two Lemmas until the next subsection. 

□ 

Since M2 is a flip of Mi along If, U I c , the restriction of ^3 to the exceptional 
divisor over If,, which is FW+ x PW_, is the composite of the second projection 
with the morphism FW- — > M2. In particular, this proves that 

Lemma 4.13. For any z £ lm(f> n , the image set (SD^ 0^2) ($7 s )) is a single point 
set in M2. 

Since r\ G P-F^l^ is an arbitrary point, this proves 
Lemma 4.14. For any closed z £ M2 there is a unique point z' £ M° so that 

(*4°*2) -1 (*) =*" 1 (z')- 

As a corollary, this proves the equivalence result we set out to prove: 

Proposition 4.15. The induced birational map M° ~ M2 is an isomorphism of 
varieties. 

4.4. The proof of Lemmas 14. 91 IT. Ill and 14.121 In this subsection, we will give 
the proof of Lemmas PI |4~H1 and |4~T21 

Proof of Lemma \J~^ We need to investigate when the sheaf is ^-stable. For the 
moment, we assume £ is away from the vanishing locus s _1 (0). Then €^ is of type 
l£ that fits into the exact sequence 

(4.13) — ► JF„ — > C% — > C n — > 0. 

Following the discussion in Section 3, €^ is not i-stable if and only if there is a 
sheaf C v that is locally free away from the marked node q± — so that it fits into 
the diagram with exact rows: 

> T v ► <S 4 > C v > 

c 

► Dl (-l) ® Od 2 (-1) > C r , ► Cr, ► 0. 

Because £ v is unique and the left square is a push-out, £^ is uniquely determined 
by the left vertical inclusion. On the other hand, the subsheaf 0d 2 (— 1) J~ v is 
unique and there is a P 1 family of subsheaves 1) =— > J- v . Hence there is a P 1 

family of extensions l|4.13[) that are derived from the diagram above. Further, it is 
easy to see that there is one choice of @d x (~ 1) ^ J~ n so that the associated sheaf 
(S^ is not locally free at go- A quick reasoning shows that this corresponds exactly 
to the case where £ 6 s _1 (0). Combined, this shows that there is a line T, v C FW V 
so that for all £ e FW r] — T, n U s _1 (0) the associated sheaves (S^ are i-stable. 

In case £ £ s _1 (0), a similar argument shows that <£{ is ^-stable unless £ £ 
s _1 (0) n This proves the lemma. □ 
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Proof of Lemma \4-H\ We now prove that 

(4-14) ^/m>w„ =Ext^ [2]t (£^)®0 PWr; (-l). 

Let VFpJ'i'/A 2 be the family of marked curves containing IF [2] J = x\ 1 as its central 
fiber. Then where £ £ P>V^-s" 1 (0)US l; , is a sheaf over W[2]\. It is known that 
the first order deformations of (E^ as sheaves of O w [2]t -modules is Ext^r 2 ]t 
which fits into the diagram 

Ext^ [2]t (^,J r 7) ) > ExtJ v[2]t (£ 5 , 01 > Ext^ [2]t (^,£ 7) ) 

Extjy[ 2 ] t (^ r )) ,^ r ^) Ext^[ 2 ]t (•?"" i?> A7) 

Because the standard (C*) x2 action on A 2 lifts to an action on W[2]^ — > A 2 , it 
induces a homomorphism C® 2 = TbA 2 — > Ext w r 2 jt <£{)■ Since is ^-stable, 
e M 1/2 , and hence lies in Ijj". Then the tangent space Tj^M 1 / 2 at [<£g] is 
canonically isomorphic to Ext^r 2 i t £j)/T A 2 . 

We now claim that the kernel of <p — 4>2 4>i contains the image of TbA 2 — > 
Ext M ,r 2 ]t(£f, and the tangent space of at [fl^] is the quotient ker(</>)/T A 2 . 
Indeed, the groups Ext^ [2]t (£,,, A,), Ext^j 2]t (J 7 ,,, ^) and Ext^ [2]t (£ n , J^,) pa- 
rameterize the first order deformations of C n , of T v and the space of extensions of 
L n by J^r/. It is direct to check that the kernel of <fi is the tangent space at of 
the space of all sheaves of type Ijj". Because the (C*) x2 action preserves this space, 
we have Im(T A 2 ) C ker(^) and hence ker(0)/T o A 2 = T [k ^ . 

We now show that 4> is surjective. Once this is established, then the normal 
vector space to it at <£ ?) is canonically isomorphic to 

(4.15) N i+/MV»\et = Ext w[2]d^v^v)- 

First, since Tjg jl+ = kcr(£)/ToA 2 , the image of tj> is the normal vector space to I + 

in M 1 / 2 at [fijf]. By we know that the normal vector space has dimension 

2g — 1. Thus to prove the lemma it suffices to show that 

dimExt^ [2]t {T, V C 71 ) =2g-l. 

Recall that = q\. By a direct computation we have the exact sequence 

— > k(<z ) ©k(g 2 ) — ► firf^t^.A,) — > nom(T v ,C v ) ® k T A 2 — » 0. 

We claim that H°{Hom C v )) = 0. First, let F G = (F,F°) and i G = (L,0) be 

the associated GPB vector bundles of in G 2 ^ 3 and Gj^ 3 3 , respectively, that 

is the image of the morphism 1+ — > G 2 4 3 x G^ 3 introduced in section 3.2. By 

abuse of notation, we let j : X — > IF[2]J be the main irreducible component. Then 
we have exact sequences of sheaves of Ox-modules 

— » F v So t O x ^F^ k(pi) — > 
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and 

— ► Cr, ®o WMt Ox — > L — > k(p x ) © k(pa) — » 0. 

Further, a direct check shows that 

Homier,, Cr,) = j*ker{F v ® L — ► k(pi) <8> L| P1 ®L| P2 }. 

Hence any nontrivial homomorphism i* 1 — > L in H ^Hom(!Fr,,Cr,)) is a homomor- 
phism F G — > L G of GPBs. But both F G and L G are ^-stable GPBs and thus there 
is no nontrivial homomorphisms between them. This proves that H°(Ti.om (T^, C„)) = 
0. Combined with the exact sequence 

0— »ff 1 (Wom(^„A,)) — »E 3 ct^ [2]t (^,£ IJ ) — »ff°(firt^ [2]t (^ n ,A,)) — »0, 

we obtain 

dimExt^[ 2 ]t (^ r , ) , Aj) = 2 + h 1 (Horn (T^ , = 2g — 1. 

This proves that the arrow </> is surjective. 

Because the isomorphism (|4.15|) is canonical, restricting to FW V — s -1 (0) U S r) 
we have canonical isomorphism 

^ v i+/m 1 /2|pw„-s- 1 (o)us„ — Zxt^i ^ PW ^(£(-l), : 5')|pw,-s- 1 (o)us IJ - 

Because Codim > 2, s _1 (0) is a hypersurface and both Nj+^ M1/2 and Sxt 1 ^ ^ pw (£(— 1),#) 

are of the forms C 2s_1 ® Opw (— 1), the above isomorphism must extend to an iso- 
morphism (|4.14|) . as desired. This proves the lemma. □ 

Proof of Lemma \jA^ We pick an element (£, v) e Pl% x PExt^ [2]t (C v , Tj,). We 

assume that the sheaf £^ is a sheaf over W[2]J, which is \- stable and the image of 
v in 

H^Ext^i^Cr,)) = k(q ) 8 k(ga) 

is not contained in either k(go) or in k(q 2 )- Now let B = Spec k[u]/(w 2 ) and let 
Bo C B be the closed point. Then a lift v € PExt^ 2 ]t (^£> ^c) °f u : namely ^(u) = 
u, defines a sheaf of C^plt x _B- m °dules (Sf (fi) that is the extension of by €5 (g) T 
defined by the class v. Here I is the ideal sheaf of W[2]i x B C W[2]^ x B. Then 
a direct local calculation of extension sheaves shows that there is an embedding 
ijj : B — > A 2 that does not lie in the two coordinate lines of A 2 , and so <£{(u) is a 
rank three locally free sheaf of O w ^ x A2 B~ mocm les. 

We now suppose is a single point. Then (£, u) S Mi lifts to a unique 

element in M, which we denote by (£, u) as well. Then following the discussion in 
subsection 4.1, the image v)) G M° is the point associated to the sheaf (v) 
that was constructed by first taking the kernel of the composite 

ff f («) = ker{^(€) — » ®o w[2]tXA2B W[2] ; s e ? — A,} 

and then restricting to the closed fiber VF[2]J 

®Ow- [2] t XA2B W[2]J- 

First of all, since -B — > A 2 does not lie in any of the two coordinate lines, to perform 
the elementary modification we do not need to modify any of the nodes in W[2]J 
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and the sheaf $£(v) is locally free. On the other hand, $£(v) is the cokernel of the 
composite T n = T n ® T — ► 5? (v) that is the unique lifting of 

Hence fits into the exact sequence 

— ► £„ — > — ► ^ — > 

and the extension class of this exact sequence is a multiple of 

«6PE< [2]t (£„f,) 

we started with. In particular the image ^((C, v)) depends only on v. Now we pick 
an (analytic) open subset U n of £ e PW,, and C PExt^-mit (Ap J-'n) so that 

^li-i^x^:^ 1 ^ x V v ) -^U n xV v 

is an isomorphism. Then the fact that ty((£,v)) depends only on v implies that 
the restriction of ^ to (t/,, x V v ) is the composite of the second projection 
U v x Vr) — > V n with a morphism V v — > M°. Since if is morphism and 

* 2 " 1 (PVK+ x P ^|v 2 PIT_) E b x P ^|v 2 PW_, 

its restriction to ^2 {¥W + Xp^v PTT_) must be the composite of the second 
projection with a morphism PW- — > M°. This proves the lemma. □ 



5. The vanishing results 
The purpose of this section is to prove the main theorem of this paper. 

Theorem 5.1. Let M 3tX (Y) be the moduli space of stable vector bundles over a 
smooth irreducible curve Y of genus g for x = 1, 2 mod 3. Then we have 

d(M 3tX (Y)) = for i> 6 3 -5. 

Since M 3>1 (Y) M 3i2 (Y) by E -> E y <8> L for a fixed line bundle L of degree 1, 
we may assume \ = 1 mod 3, say x = 4. 

Our proof is induction on the genus g. When g = 1, M3 j 4(Y") = Y by Atiyah's 
theorem and hence we have the vanishing result. We assume from now on that 
5>2. 

In the previous sections, we established the following diagram: 

M" <■■-:■■ > M 1 / 2 <- f r. > M 1 

flips J"ps 




M 3A (Y) ™>.M 3 ,4(Xo) 

degeneration 



GL(3) 



Suppose Ci(M3 j 4(X)) 
for i > 6g — 5. 



M 3 , 7 (X) 

for i > 65 - 11. We want to show that Ci(M 3 ,4(Y)) 
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5.1. Chern classes of M°. Let So — Ma t r(X) and E — » So x X be a universal 
bundle. Recall that a vector bundle on X n is a-stable if and only if its associated 
GPB (V, V°) is a-stable. When a = 1~, this is equivalent to V being stable. Hence 
is a fiber bundle over Sq obtained by blowing up — GV(3, E\p 1 +p 2 ), the 
Grassmannian bundle over So. Let ni : S± = PKom(E\ Pl , E\ P2 ) — > So be the 
projectivization of the bundle Hom(E\ Pl , E\ P2 ) . 

We blow up Si along the locus of rank 1 homomorphisms 

B:=¥E\l x So PE\ P2 

and let TT2 : S2 — * Si be the blow-up map. 

The exceptional divisor Ai := B of TT2 : S2 — > Si and the proper transform 
A2 of the locus of rank 2 homomorphisms in Si are normal crossing divisors. Let 
A = Ai + A 2 . 

Lemma 5.2. Ci(Qs 2 /s (log A)) = /or i > 6. Consequently, if a(p,s ) — / or 
i > 6<? — 11, i/ien Ci(f2s 2 (log A)) = /or i > 6g — 5. 

Since J75 2 /5 (log A) is locally free of rank 8, it suffices to check that the 7th and 
8th Chern classes vanish. The proof is a lengthy computation. See the Appendix. 

Let S3 be the result of two blow-ups of P(Hom(£ , | Pl ,E\ P2 )(B Os ) first along the 
section POs and then along the closure of the locus of rank 1 homomorphisms in 
Hom(E\ Pl , E\ P2 ) C P(Hom(S| Pl , E\ P2 ) Os ). The obvious rational map 

P(Uom{E\ Pl ,E\ P2 )(BO So ) PHom(£| Pl , E\ P2 ) = Si 

becomes a P 1 -bundle after the above first blow-up and the preimage of B is the 
center of the second blow-up. Hence we get a P 1 -bundle projection 

7T3 : S3 — > S 2 

and 5*2 naturally embeds into S3. 

Next, we blow up S3 along Ai = B C S2 which lies in S3 as a codimension 2 
subvariety. Let 7r4 : S4 — > S3 be the blow-up. Then by local computation, S4 is 
the same as the result of the blow-ups of P(Hom(E\ Pl , E\ P2 ) (B Os ), first along 
POs , second along B which lies in PHom(£^| Pl , E\ P2 ) and finally along the proper 
transform of the closure of the locus rank 1 homomorphisms in Hom(£^| Pl , E\ P2 ) C 
P(Hom(_E| Pl , E\ P2 )(&Os ) ■ So if we finally blow up S4 along the proper transform of 
A2 C S2 which lies in S4 as a codimension 2 subvariety, then we obtain the moduli 
space M 1 of l~-stable bundles which we also denote by S5 and the last blow-up is 
denoted by tt 5 : S5 — > S4. Recall that M 1 has six divisors Y , Yi, Y 2 , Z , Zi, Z 2 . 
Let D be the sum of these. 

Lemma 5.3. Cj(0 M i (log£))) = for i > 6(3— 1) if and only if Ci(0s 2 (log A)) = 
for i > 6(g - 1). 

Proof. The proof is due to Gieseker 0]. Notice that we have four divisor Ao, Ai, A2, A3 
in S3 which are the images of Zo,Yi, Y2, Yo respectively. Let A be the sum of 
Aj's. Notice that Ai = 7r 3 ~ 1 (Ai) and A2 = n^ 1 (A2). Hence we have an exact 
sequence 

7r|n S2 (logA) -» fls 3 (log A) -> O S3/S2 (log(A + A 3 )) ^ 0. 
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But the line bundle £ls 3 /s 2 (log(Ao + A3)) is trivial since we can find a nowhere 
vanishing section as follows: as ir 3 is a P 1 -bundle there is an open covering {Ui} of 
S2 and rational functions z\ on Tr^ 1 (Ui) with a simple pole at Ao and a simple zero 
at A3. Because z% = Zjfij for a nowhere vanishing function on Ui fl Uj, dzi/zi 
gives a well-defined section of ^s 3 /s 2 (log(Ao + A3)). 

Next, S4 was obtained by blowing up along the intersection of two divisors Ao 
and Ai in S3. Let Z' x be the exceptional divisor of ~k^. By a local computation, we 
get 

7r:n S3 (logA)^O S4 (log(A + Z0). 
By the same argument, we see that 

7r|n S4 (io g (A + z[)) = n M i(io g D). 

The lemma now follows immediately. □ 

By Lemmas 15.21 and 15.31 we deduce the vanishing of Chern classes for M 1 . 
Corollary 5.4. q(£1 m1 - (logD)) = for i > 6g — 5 

5.2. From M 1 to M . The goal of this subsection is to show the following. 

Proposition 5.5. Cj(fi M1 - (\ogD)) = for i > 65 — 5 iff Cj(fi M o (logD)) = for 
i > 6g — 5. 

Recall that M° is obtained from M 1 by a sequence of flips along subvarieties 
each of which lies in the intersection of two of the six divisors and the blow-up 
center is not contained in any other divisor. 

We use a lemma from 0]. Let J be the base of a flip. In other words, there are 
two vector bundles E and F over J and a variety S into which PE is embedded. 
And the normal bundle to Z = PE is the pull-back of F tensored with Oye{— 1)- 
Let S be the blow-up of S along Z and S' be the blow-down of S along the PS- 
direction. Then S is the blow-up of S' along Z' = PF. Suppose that there are 
normally crossing smooth divisors Di in S such that Z is contained in D\ n D2 as 
a smooth subvariety but no other divisor contains Z. Let D = ^2 -D» and D' be its 
proper transform in 5". The following lemma is from §12] . 

Lemma 5.6. Suppose the top k Chern classes of J vanish. Then Ci(r2s(log D)) = 
fori > dimS-k - 1 iff Ci(n s >(logD')) = for i > dimS- k - 1. 

The flip bases for a — 2/3 are as follows: The moduli spaces "P^^ of stable 
parabolic bundles with parabolic weight 1/3 and quasi-parabolic structure at Pi for 
i = 1, 2 lie in the moduli of GPBs G^5 i- Let be the blow-up of along 

^2(5 p! u ^2^5,02 ■ Then the flip bases are 

• ^2^5 1 X J ac {X) 

• a Jacobian of X times a P 1 bundle over P^pi 

• a Jacobian of X times a P 1 bundle over ~P\^ P2 ■ 



Gieseker assumed that Z C D\ n D2 and Z fl Dfc = for fc 7^ 1, 2. But the same proof works 
as long as Z n D is a smooth divisor in Z. 
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Because the underlying vector bundle of a parabolic bundle or a GPB above is 
stable, all these three moduli spaces are fiber bundles over M2,s(X). By Gieseker's 
theorem 0], we know that the top 2g — 3 Chern classes of M2${X) vanish. Hence 
the top 3g — 4 Chern classes of the flip bases for a = 2/3 vanish. From the above 
lemma, we have 

Cj(f2 M i/2(logD)) =0 for i > 6g — 5. 

1/3 

We can similarly deal with the flip bases for a = 1/3: the moduli spaces P 24pi 
of stable parabolic bundles with parabolic weight 2 /3 and quasi-parabolic structure 
at Pi for i = 1, 2 lie in the moduli of GPBs 10 3 - Let G 2 ^ 3 be the blow-up of 
3 along P^p! U Pg 4 p 3 - Then the flip bases are 

• G^4 3 3 x Jac(X) 

• a Jacobian of X times a P 1 bundle over P 2 ^ 4 P1 

• a Jacobian of X times a P 1 bundle over vl/^ . 

Because the underlying vector bundle of a parabolic bundle above is stable, the 
moduli spaces ~P\[^ Pl and P2 4, P2 are fiber bundles over M 2 ^{X). By Gieseker's 

theorem 0], we know that the top 2g — 3 Chern classes of M2,s(X) vanish. 
— 1/3 

The moduli space G 2 4 3 is not a fiber bundle over M 2 ^(X) but this is isomorphic 

— 1/3 

to a divisor in Gieseker's moduli space: consider the universal family T over G 2 4 3 x 

1 /3 1/3 

X. Blow up this space along P 24pi x Pi and P 2 4 p , x p 2 . Perform elementary 

' ~ 1/3 

modifications as in §2.4 so that we get a family of curves over G 2 4 3 and a vector 
bundle on the family of curves. The restriction of this vector bundle to the proper 

~ ^ y 3 — 1/3 

transforms of G 2 4 3 x pi and G 2 4 3 x p 2 is equipped with a choice of basis and 
we can glue the rank 2 bundle O © 0(1) over a rational curve P 1 to get a vector 
bundle over the family of nodal genus g curves. It is elementary to check that this 

1 /3 

is a family of bundles in the Gieseker's moduli space M 23 for the rank 2 case and 
so we get a morphism 

G^ 4 3 3 -> M^ 3 3 . 

It is now an easy matter to check that this morphism is bijective onto a divisor of 

— 1/3 

rank 1 locus in the Gieseker's moduli space. Hence, G 2 4 3 becomes a fiber bundle 

over M 2j i(X) after a flip whose base is the product of two Jacobians over X. By 

— 1/3 

Gieseker's lemma again, we deduce that the top 2g — 3 Chern classes of G 2 4 3 
vanish and hence the top 3g — 4 Chern classes of all the flip bases for a = 1/3 
vanish. From Gieseker's lemma, we have 

Ci(f2 M o(logD)) = for i > 6g — 5. 

The argument at the end of §13 in 4 enables us to deduce the vanishing Chern 
classes of the general member of the family M 3 ,4(22J) from the vanishing of the 
Chern classes of JIm (log D). So we conclude that 

Ci(M 3A (Y)) = for i > 6g - 5. 



^The choice of 1 dimensional subspace V\ of E\ V1 gives rise to the 3 dimensional subspacc 
V = Vi+ E\ P2 . This is a GPB in G^g. 
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6. Appendix 
The purpose of this appendix is to prove Lemma 15.21 

Notice that E\ P1 is isomorphic to E\ P2 . Let a\ , a 2 , 03 be the Chern roots of E\ P1 — E\ P2 
and let £ = ci(Osi (— 1))- Then the Chern roots of Hom(E\ pl , E\ P2 ) are 0,0,0,±(oi — 
a.2), ±(«2 —0,3), i(«3 — 01) and thus the cohomology ring H*(Si) is the polynomial algebra 
H*(So)[(i] over H*(So) modulo the relation 

(6.1) £ 3 (£ 2 - (ai - a 2 f)(e - ( aa - a 3 ) 2 )(5 2 - (a 3 - ax) 2 ). 
From the exact sequence 

-» n Sl/So -> TrrHomC-BU.SU) ® C Sl (-l) -> O -> 

we deduce that the total Chern class of the relative cotangent bundle of Si over So is 

c(n Sl/So ) = (1 + £) 3 ((1 + £) 2 - (ax - a 2 ) 2 )((l + 2 - (02 - a 3 ) 2 )((l +C) 2 - (03 - ai) 2 )). 

Similarly, we can describe the cohomology rings and the total Chern classes of the 
relative tangent bundles of PS|p and P-E| P2 over So. Let 

u = c 1 (O m v i (-l)) + ±c 1 (E\ Pl ) 

v = c 1 (O rElp2 (-l))-±c 1 (E\ pl ). 
We intentionally shifted the generators to make our computation simpler. Then, we have 
H*(¥E\^) = H\S Q )[u]/(u a +au + l3) 
H*(¥E\ P2 ) = H*{S )[v]/(v a + av-/3) 

where 

a = c 2 (E\ pl ) - \c\{E\ pl ) 
(3 = c 3 (E\ pl )~ l Cl (E\ m )c2(E\ P1 ) + ^ci(E\ pl ). 

Also we have 

c(T PB |v i/Sq ) = (1 -uf +a(l -«) -13 = 1 -3u + 3u 2 + a 

c ( T m P2 /s ) = (l-v) 3 + a{l-v)+(3=l-3v + 3v 2 + a. 
Using a and /3, we can rewrite 

c(n Sl/So ) = (1 + 3 ((1 + C) 6 + 6a(l + £) 4 + 9q 2 (1 + 2 + 4q 3 + 27/3 2 ) 

as one can check by direct computation. 
From we get the exact sequences 

-> O s (-l) -> <7*iV s/Sl - F - 
T S2 -» 7r 2 *T Sl -j„F-0 
where <; : B — > B is the restriction of 7T2 to the exceptional divisor B and j is the inclusion 
of B. Therefore, we have 

(6.2) c(T S2 )=K* 2 c{T Sl )/c( h F) 



(6.3) c(F) = g*c(N B/Sl )/c(O s (-l)). 

Since Osi( — 1) restricts to Op_B|j ( — 1) Kl CVe| P2 ( — 1), £ restricts to 
ci(Opb| ;i (-1)) + ci(0 PE | P2 (-1)) = u + v. 
The restriction of the relative tangent bundle Ts 1 /s to B has total Chern class 

(1 - u - u) 3 ((l - m - u) 6 + 6q(1 - u - v) A + 9a 2 (l - u - vf + 4a 3 + 27/3 2 ) 
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while the total Chern class of the relative tangent bundle Tb /s a is 

(1 - 3w + 3u 2 + a)(l - 3u + 3u 2 + a). 
Hence the total Chern class of the normal bundle Nb/Si ^ s 

(1 - u - tj) 3 ((1 - u - vf + 6q(1 - u - v) 4 + 9a 2 (l - u - v) 2 + 4a 3 + 27/3 2 ) 
(1 - 3u + 3w 2 +a)(l-3v + 3v 2 + a) 
which is by direct computation equal to 

1 - 6£ + (15£ 2 + 4a - 3uv) - (15$ 3 + 9a£) + (6£ 4 + 6a£ 2 ) 

with (\b — u + v understood by abuse of notations. 

Let r, = Cl (Os 2 (B)) € H 2 {S 2 ). Then r)\ B = Ci (O b (-1)) since Os 2 (B)\ B = O b {-1). 
So we have 

H*{B) ^ H*{B)\ri\/{rf + 6£t7 3 + (15£ 2 + 4a - 3uv)r, 2 + (15£ 3 + 9a£)r) + (6£ 4 + 6a£ 2 )). 

In fact, it is easy to see that the above relation lifts to a relation 

(6.4) r/ 4 + 6£r7 3 + (15£ 2 + 4a)?? 2 - 3>(ut>)77 + (15£ 3 + 9a£)?7 + (6£ 4 + 6a£ 2 ) = 

in H*(S 2 ). 

From <Q . we have 

c(F) = c(N B/Si y(l + v) = 

1 - (6£ + n) + (15C 2 + 4a - 3™ + 6£»7 + rj 2 ) 

-(15£ 3 + 9a£ + 15£ 2 ?7 + 4ar7 + 6£?7 2 + rf - 3uvq). 

By local computation we have 

c(Os 2 (Ai)) = 1 + 77, c(Os 2 (A 2 )) = 1 - 3£ - 2ij. 

Hence we have 
(6.5) 

(1 + g) 3 ((l + g) 6 + 6a(l + C) 4 + 9a 2 (l + g) 2 + 4a 3 + 27/3 2 ) 
c (n S2/So (logA)) = ______ c(Q S2/Sl ). 

For c(Sls 2 /5 1 ), we compute 

(6.6) c(T S2/Sl )=c(Ts 2 )/^c(T Sl ) 



and change the signs of the terms of degree = 2 (mod 4). 

It is a consequence of the Grothendieck-Riemann-Roch theorem that 

(6-7) c (> F )= i ->f i ( i -n n 4r^ 

V 77 ±J - l + b i -1 

where bi are the Chern roots of F, i.e. 

11(1 + h) = 1 - (6f + r?) + (15£ 2 + 4a - 3™ + 6^77 + t? 2 ) 
-(15£ 3 + 9a£ + 15^ 2 77 + 4ar/ + 6£t7 2 + 77 s - 3777J77). 

By expanding, we see that 

11(1 + bi - 77) = 1 - (6£ + 477) + (15£ 2 + 4a - 3uw + 18^ + 677=) 
-(15£ 3 + 9a£ + 30^ 2 ?7 + 8a?7 + I8C77 2 + 4t7 3 - 6u?J77). 

Hence, we have 

1 + h > F 



( 6 - 8 ) 1 ( 1 -TTt 1 ^ 



77 v 11 l + 6i -t?' 1-7J 
Here 

A = (6£ + 477) - ( 15£ 2 + 4a + 18^7? + 6r/ 2 ) + ( 15£ 3 + 9a£ + 30^ 2 r? + 8a7? + 18£t/ 2 + 4t7 3 - 6uvrj) , 
B = -3 + (12£ + 577) - (15£ 2 + 12^77 + 3t? 2 + 4a), 
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D — A + 3uv and F = B + 3uv. Then by expanding 11 l|6.8ll and collecting all terms of 
degrees up to 14, we obtain 



27u 3 v 3 + 9u 2 v 2 + 3uv + 18BA 5 uv + 12BA 3 uv + SAuv 

+3A 2 uv + 18Au 2 v 2 + 3A 3 uv + 27 A 2 u 2 v 2 + 81Au 3 v 3 + 3A 4 uv + 36A 3 u 2 v 2 

+162A 2 u 3 v 3 + BA 3 + BA 4 + B + 3A 5 uv + 45A 4 u 2 v 2 

+27QA 3 u 3 v 3 + 5AA 5 u 2 v 2 + 405^1 4 u 3 t; 3 + 3uvA 7 + 567u 3 v 3 A 5 

+63u 2 v 2 A 6 + 27Bu 3 v 3 + 9Bu 2 v 2 + 3Buv + 3A 6 uv + BA 2 

+BA + BA 5 + BA 6 + BA 7 + QBAuv + 9BA 2 uv 

+27BAu 2 v 2 + 54BA 2 u 2 v 2 + 108BAu 3 v 3 + 15BA 4 uv + 90BA 3 u 2 v 2 

+270BA 2 u 3 v 3 + 135BA 4 u 2 v 2 + 540BA 3 u 3 v 3 + 189BA 5 u 2 v 2 

+945BA 4 u 3 v 3 + 21BA 6 uv. 



is, up to degree 16, equal to 

27>(uV) + 9>(«V) +3j,(uv) + 18BA 5 j*(uv) + l2BA 3 j*(uv) + 3Aj*(uv) 
+3A 2 ],(uv) + 18Aj„(u 2 v 2 ) +3A 3 ],(uv) + 27A 2 >(uV) 
+81A>(uV) + 3A 4 ],(uv) + 3GA 3 j,(u 2 v 2 ) 

+162A 2 j t (u 3 v 3 ) + BA 3 rj + BA 4 t] + Brj + 3A 6 j t (uv) + 45A 4 >(uV) 
+27(L4 3 >(wV) + 54A 5 >(uV) + 405^ 4 >(m 3 u 3 ) + 3j*(uv)A 7 + 567j*(u 3 v 3 )A 5 
+63j*(u 2 v 2 )A 6 + 27Bj,(u 3 v 3 ) + 9B>(uV) + 3Bj*(uv) + 3A 6 j t (uv) + BA 2 -q 
+BAri + BA 5 r] + BA 6 r/ + BA 7 r\ + QBA]*{uv) + 9BA 2 j,(uv) 

+27BAj-4u 2 v 2 ) + 54BA 2 >(uV) + W8BAj,(u 3 v 3 ) + 15BA 4 j*(uv) + 90BA 3 j,(u 2 v 2 ) 
+270BA 2 j,(u 3 v 3 ) + 135BA 4 j*(uV) + 540B^ 3 j*(u 3 u 3 ) + l89BA 5 j*(u 2 v 2 ) 
+945BA 4 j,(u 3 v 3 ) + 21BA 6 j*(uv). 

Substitute the above expression into l|6,7^ and expand Ij6.6^ up to degree 16. Change 
the signs of the terms of degree = 2 mod 4 and plug it into 16.51 . 

Now we can compute the Chern classes by direct computation from l|6.5|l . The 7th 
Chern class is, up to sign, equal to 

-378£V + 36a£j*(w)»7 ~ 72a£V - 138a 2 '^rf - 492a 2 fr) - 516afV 
-1056a£ 4 ?7 - 540£ 2 >(m;)r/ 2 + 558a£ 2 j* (uu) + 108a>(uV) - 810£ 2 >(uV) 
-630£ 3 ](uv)r) - 564£ 6 ?? - 252£ 7 - 504a£ 5 - 252a 2 £ 3 - 72£ 4 r/ 3 
-54a 2 ], (uv) + 72f - 126^ 3 >(m«) - 54rj/3 2 - 54>(uV) 

and the 8th Chern class is 

1332>(w)7/ 2 a£ + 2178>(uu)£ 2 a?7 - 2835>(>V)£ 3 - 1143> (u 2 v 2 )rf + 2214> (uv)£ 5 

-6939>(uV)£ 2 7/ - 4968 * j*(u 2 v 2 )^ 2 + 1485j,(itV)a£ + 774> (u 2 v 2 )ar) 

-72£V + 132£V - 336a 2 ^ 3 - 588a 2 £V - 408a£ 3 7/ 3 - 456a£ 4 r/ 2 + 1152> (u 2 v 2 )rf 

+6372£ 2 ],(u 2 v 2 )rj - 828a> (u 2 v 2 )rj + 3942»? 2 > (u 2 v 2 )£ + 846>(w)C 4 »7 + 30> {uv)a 2 rj 

+1008>(w)r; 2 ^ 3 + 72j4uv)£ 2 rj 3 - 6>(iiu)ar/ 3 + 3150j,(w)af 3 

-828>(ww)a 2 C - 567r?>(yV) - 648a^ 5 ?7 - 498a 2 £ 3 r? + 132a 3 ^ - 18^ 7 r; + 153^ 8 

-8W& t (u 3 v 3 ) + 50 2 ti 2 + 165a 2 £ 4 + 6^ 2 a 3 + 81$ 2 /5 2 + 312a^ 6 + 594> (uV)> (uv). 

Notice that the 7th Chern class is the image by > of 

-378£ 5 77 + 36mw£r? - 72a£_ 2 rj 2 - 138a 2 ^ - 492a 2 ^ 2 - 516a^ 3 77 - 1056aC 4 
-540C 2 r? 2 uw + 558aMV^ 2 + 108au 2 « 2 - 810£, 2 u 2 v 2 - 630^ 3 uvq - 564^ 6 
(6.9) -72£ 4 ti 2 - 54a 2 uw + 72£ 4 «« - 126£r? 3 m; - 54/3 2 - 54m 3 u 3 

+42a£(r; 3 + 6^ + (15^ 2 + 4a)r/ - Suvt] + 15 f + 9a£) 
+42^ 3 (r? 3 + 6£r? 2 + (15$ 2 + 4a)?? - 3uv V + 15^ 3 + 9a£) 



xl We used Maple 7 for the computations in this section. 



By the projection formula and j,l — 77, 
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with £ 4 + a£ 2 replaced by 

j, [- (r/ 3 + 6£t7 2 + (15£ 2 + 4a)?? - 3uvq + 15£ 3 + 9a£) /6] 

from the relation 16.41 . 

This is a class in H*(B) which is a polynomial algebra over H*(So) generated by u, v, 
and r\ with the relations £ = u + v, 

u 3 + au + (3 — 
v 3 + av ~ P = 

77 4 + 6£r? 3 + (15£ 2 + 4a - 3u«)r? 2 + (15£ 3 + 9a£)v + (6£ 4 + 6a£ 2 ) = 0. 

Using Grobner package, one can check that the class (16.911 is zero. Therefore we proved 
that the 7th Chern class vanishes. 

We apply the same strategy for the 8th Chern class. The only term we cannot express 
as the image of in the above fashion using (16.411 is the term 81£ 2 /3 2 . Let 

/i = (C 4 + < 2 )(C 2 + «)(C 2 + 4a) + 27£ 2 /3 2 . 
This is exactly the relation 16. 11 divided by £ and thus we have 

Then by the relation 16.41 as above cs(r2s 2 /s (log A)) — 3/j, is the image by j, of 

-72£V - 336a 2 Cr? 2 - 588a 2 £ 2 77 - 408a£V - 456a£ 4 ?7 + 132£ 6 r/ - 18£ 7 
-648a£ 5 + 1008£ 3 m;?7 2 - 498a 2 £ 3 + 54r]0 2 + 132£a 3 
-f £ 4 (</ 3 + 6^ 2 + (15? 2 + 4a - 3™)t7 + 15£ 3 + 9a£) 

-a 2 (j/ 3 + 6£?7 2 + (15£ 2 + 4a - 3uv)r] + 15£ 3 + 9a£) + 22U£ 5 uv - 2835£ 3 uV 

-§a£ 2 (y 3 + 6£t? 2 + (15§ 2 + 4a - 3™)?? + 15£ 3 + 9a£) - 810w 3 w 3 £ + 27uV?j 

+3150aii< 3 + 1332aii<7? 2 + 2178auw^ 2 ?7 - 54cm Vrj 

+9r? 3 uV + 30a 2 uvr] + 1485em 2 « 2 £ - 828a 2 «< + 846£ 4 tot? 

-1026t? 2 mV£ - 567£ 2 uVt7 + 72£Vu« - Grfauv 

+ !(£ 2 + a)(C 2 + 4a)(7? 3 + 6^ 2 + (15£ 2 + 4a - 3uv)r, + 15£ 3 + 9a£) 

If we simplify this expression using the Grobner package for the ring H*(B), we get 

3rfu 2 v 2 + au 2 r) 3 + 2rj 3 auv - 3rj 3 uf3 + av 2 rf + 3rj 3 v/3 + a 4 ri 3 
(6.10) +6au 2 v 2 ri + 9r]u 2 vf3 + 4a 2 r)u 2 — 9rjuv 2 f3 + 2o?uvr) — 6r]au/3 

+4a 2 riv 2 + 6r/av/3 + 4a 3 r\ + 9/3 2 r?. 

If we multiply r\ to this expression 16.1U1 . we get zero! Hence cs (£2s 2 /s (log A)) — 3fi 
lies in if* (Si) because its restriction to B is exactly the above expression multiplied by r\ 
and is equal to zero. 

If we multiply £ = u + v to 16.101 and simplify using the Grobner package, we get zero! 
By the projection formula, this implies that C8(f2s 2 /s (log A)) — 3/j, lies in the kernel of 
multiplication by £ 

which is exactly _ff*(So)/i. Therefore, we deduce that 

cs(fis 2 /s (l°g A )) - 3/i = qu 

for some rational number c. To compute c, we restrict the image by j, of 16.101 to a fiber 
of 7Ti o 7T2 : £2 — > So so that a = and j3 = 0. Using the explicit relations it is now an 
elementary exercise to check that c = —3. Hence, we conclude that cs(fis 2 /s (log A)) = 
0. 
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